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This work is a pedagogical review dedicated to a modern description of the Bondi-
Metzner-Sachs (BMS) group. Minkowski space-time has an interesting and useful group
of isometries, but, for a generic space-time, the isometry group is simply the identity
and hence provides no significant informations. Yet symmetry groups have important
role to play in physics; in particular, the Poincare´ group, describing the isometries of
Minkowski space-time plays a role in the standard definitions of energy-momentum and
angular-momentum. For this reason alone it would seem to be important to look for a
generalization of the concept of isometry group that can apply in a useful way to suitable
curved space-times. The curved space-times that will be taken into account are the ones
that suitably approach, at infinity, Minkowski space-time. In particular we will focus on
asymptotically flat space-times. In this work the concept of asymptotic symmetry group
of those space-times will be studied. In the first two sections we derive the asymptotic
group following the classical approach which was basically developed by Bondi, van
den Burg, Metzner and Sachs. This is essentially the group of transformations between
coordinate systems of a certain type in asymptotically flat space-times. In the third
section the conformal method and the notion of ‘asymptotic simplicity’ are introduced,
following mainly the works of Penrose. This section prepares us for another derivation of
the BMS group which will involve the conformal structure, and is thus more geometrical
and fundamental. In the subsequent sections we discuss the properties of the BMS group,
e.g. its algebra and the possibility to obtain as its subgroup the Poincare´ group, as we
may expect. The paper ends with a review of the BMS invariance properties of classical
gravitational scattering discovered by Strominger, that are finding application to black
hole physics and quantum gravity in the literature.
1. Introduction
Ever since Einstein developed his theory of general relativity, group-theoretical
methods have played an important role in deriving new solutions of the Einstein
equations and understanding their properties [1,2,3,4], and also in investigating
the asymptotic structure of space-time [5,6,7,8,9]. In particular, shortly after that
Bondi, Metzner and Sachs laid the foundations of the asymptotic symmetry group
(hereafter referred to as BMS) of asymptotically flat spacetime [10,11,12], McCarthy
elucidated several features of this group and its representations [13,14,15,16,17].
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For example, unlike the infinite-dimensional representations of the Lorentz group,
that allow for particles of arbitrary spin, a result first obtained by Majorana [18],
McCarthy proved that the infinite-dimensional representations of the BMS group
only allow for discrete values of the spin of elementary particles [13]. Furthermore,
over the last few years, the BMS group has been found to lead to new perspectives
on classical gravitational scattering [19,20,21] and on the problem of black-hole
evaporation in quantum gravity [20]. From a more mathematical point of view,
all of this adds evidence in favour of the pseudo-group structure of the functional
equations of classical and quantum physics being able to improve our understanding
of the fundamental laws of nature.
Within this conceptual framework, our review aims at introducing the general
reader, who is not necessarily a general relativist, to the modern way of understand-
ing the BMS group and its applications. For this purpose, we begin by recalling
that the importance of the concept of energy within a physical theory, if introduced
correctly, arises from the fact that it is a conserved quantity in time and hence a
very useful tool. Thus, in general relativity one of the most interesting questions is
related to the meaning of gravitational energy.
Starting from any vector Ja that satisfies a local conservation equation, that can
be put in the form
∇aJ
a = 0, (1.1)
one can deduce an integral conservation law which states that the integral over the
boundary ∂D of some compact region D of the flux of the vector Ja across this
boundary necessarily vanishes. In fact, using Gauss’ theorem we have∫
∂D
Jadσa =
∫
D
∇aJ
adv = 0. (1.2)
Now we know that in General Relativity the energy-momentum tensor Tab satisfies
the local conservation law
∇aT
ab = 0, (1.3)
which follows directly from the Einstein field equations. However from (1.3) we can-
not deduce any integral conservation law. This is because in this case the geometric
object to integrate over a 4-volume (as on the right-hand side of (1.2)) would be a
vector and we can not take the sum of two vectors at different points of a manifold.
This picture is ameliorated if space-time possesses symmetries, i.e. Killing vectors.
If Ka is a Killing vector,
∇(aKb) = 0,
we may build the vector
P a = T abKb,
that satisfies (1.1), since
∇aP
a =
(
∇aT
ab
)
Kb + T
ab∇aKb = 0.
January 24, 2019 1:29 WSPC/INSTRUCTION FILE
On˙the˙structure˙and˙applications˙of˙the˙Bondi˙Mentzner˙Sachs˙Group
The Bondi-Mentzner-Sachs Group 3
The second term vanishes because T ab is symmetric and so T ab∇aKb =
T ab∇(aKb) = 0. Therefore the presence of Killing vectors for the metric leads to an
integral conservation law. In flat Minkowski space-time we know that there are 10
Killing vectors:
Lα =
∂
∂xα
, (α = 0, 1, 2, 3)
Mαβ = eαx
α ∂
∂xβ
− eβx
β ∂
∂xα
, (no summation;α, β = 0, 1, 2, 3)
where eα is +1 if α = 0 and -1 if α = 1, 2, 3. The first four generate space-time
translations and the second six ‘rotations’ in space-time (these are just the usual
ten generators of the inhomogeneous Lorentz group). One may use them to define
ten vectors P aα and P
a
αβ which will obey (1.1). We can think of P0 as representing
the flow of energy, and P1, P2 and P3 as the flow of the three components of linear
momentum. The Pαβ can be interpreted as the flow of angular momentum. If the
metric is not flat there will not, in general, be any Killing vectors. It is worth noting
that the diffeomorphism group has, for historical reasons, frequently been invoked
as a possible substitute for the Poincare´ group for a generic space-time. However,
it is not really useful in this context, being much too large and preserving only the
differentiable structure of the space-time manifold rather than any of its physical
more important properties.
However, one could introduce in a suitable neighbourhood of a point q normal
coordinates {xa} so that the components gab of the metric are eaδab (no summation)
and that the components of Γabc are zero at q. One may take a neighbourhood D
of q in which gab and Γ
a
bc differ from their values at q by an arbitrary small
amount. Then ∇(aLα b) and ∇(aMαβ b) will not exactly vanish in D , but will in
this neighbourhood differ from zero by an arbitrary small amount. Thus∫
∂D
P bαdσb and
∫
∂D
P bαβdσb
will still be zero in the first approximation. Hence the best we can get from (1.3)
is an approximate integral conservation law, if we integrate over a region whose
typical dimensions are very small compared with the radii of curvature involved
in Rabcd. We can interpret this by regarding the space-time curvature as giving a
non-local contribution to the energy-momentum, that has to be considered in order
to obtain a correct integral conservation law.
From the above discussion we deduce that no exact symmetries can be found for
a generic space-time. However, if we turn to the concept of asymptotic symmetries
and we apply it to asymptotically flat space-times, we will see that the picture is
not so bad and that we can still talk about the Poincare´ group. The basic idea,
developed in the remainder of the paper, is that, since we are taking into account
asymptotically flat space-times, we may expect that by going to ‘infinity’ one might
acquire the Killing vectors necessarily for stating integral conservation laws.
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2. Bondi-Sachs coordinates and Boundary Conditions
Consider the Minkowski metric
g = ηabdx
a ⊗ dxb = dt⊗ dt− dx ⊗ dx− dy ⊗ dy − dz ⊗ dz.
We introduce new coordinates
u = t− r, r cos θ = z, r sin θeiφ = x+ iy, (2.1)
in terms of which the Minkowski metric takes the form
g = du⊗ du + du⊗ dr + dr ⊗ du− r2(dθ ⊗ dθ + sin2 θdφ ⊗ dφ), (2.2)
which can also be written as
ds2 = du⊗ du+ du⊗ dr + dr ⊗ du− r2qABdx
A ⊗ dxB , (2.3)
where
qAB =
(
1 0
0 sin2 θ
)
, A,B, ... = 2, 3.
Note that qAB represents the metric on the unit 2-sphere. The coordinate u is called
retarded time.
We proceed to the interpretation of the coordinates (2.1). The hypersurfaces given
by the equation u = const are null hypersurfaces, since their normal co-vector
ka = ∇au is null. They are everywhere tangent to the light-cone. Note that it is a
peculiar property of null hypersurfaces that their normal direction is also tangent
to the hypersurface. The coordinate r is such that the area of the surface element
u = const, r = const is r2 sin θdθdφ. Define a ray as the line with tangent ka =
gab∇bu. Then the scalars θ and φ are constant along each ray.
Now we would like to introduce for a generic metric tensor a set of coordinates
(u, r, xA) which has the same properties as the ones of (2.1). These coordinates are
known as Bondi-Sachs coordinates [10,11,12]. The hypersurfaces u = const are null,
i.e. the normal co-vector ka = ∇au satisfies g
ab(∇au)(∇bu) = 0, so that g
uu = 0,
and the corresponding future-pointing vector ka = gab∇bu is tangent to the null
rays. Two angular coordinates xA, with A,B, ... = 2, 3, are constant along the
null rays, i.e. ka∇ax
A = gab(∇au)∇bx
A = 0, so that guA = 0. The coordinate
r, which varies along the null rays, is chosen to be an areal coordinate such that
det[gAB] = r
4det[qAB], where qAB is the unit sphere metric associated with the
angular coordinates xA, e.g. qAB = diag(1, sin
2 θ) for standard spherical coordinates
xA = (θ, φ). The contravariant components gab and covariant components gab are
related by gacgcb = δ
a
b , which in particular implies grr = 0 (from δur = 0) and
grA = 0 (from δuA = 0). See Figure 1.
It can be shown [10] that the metric tensor takes the form
g = gabdx
a ⊗ dxb = e2β
V
r
du⊗ du+ e2β(du⊗ dr + dr ⊗ du)
+ gAB(dx
A − UAdu)⊗ (dxB − UBdu), (2.4)
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Fig. 1. The Bondi-Sachs coordinate system. The coordinates u, r, and φ and the vector ka are
shown in the hypersurface θ = const.
where
gAB = r
2hAB, det[hAB] = h(x
A). (2.5)
Using Jacobi’s formula for the derivative of a determinant for a generic matrix gµν ,
∂ρdet[gµν ] = ∂ρg = gg
µν∂ρgµν ,
we have from the second of (2.5)
∂uh = 0⇒ h
AB∂uhAB = 0, ∂rh = 0⇒ h
AB∂rhAB = 0. (2.6)
We also have
gur = e−2β, grr = −
V
r
e−2β, grA = UAe−2β, gAB = −
1
r2
hAB.
A suitable representation for hAB is the following:
hAB =


cosh 2δe2γ sin θ sinh 2δ
sin θ sinh 2δ sin2 θ cosh 2δe−2γ

⇒ det[hAB] = sin2 θ. (2.7)
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Here V , β, UA, γ and δ are any six functions of the coordinates. The form (2.4)
holds if and only if (u, r, θ, φ) have the properties stated above. Note that this form
differs from the original form of Sachs [11] by the transformation γ → (γ + δ)/2
and δ → (γ − δ)/2. The original axisymmetric Bondi metric [10] with rotational
symmetry in the φ-direction was characterized by δ = Uφ = 0 and γ = γ(u, r, θ),
resulting in a metric with reflection symmetry φ→ −φ so that it is not suitable for
describing an axisymmetric rotating star.
The next step is to write down the Einstein vacuum field equations in the above
coordinate system in order to find the equations that rule the evolution of the
six arbitrary functions on which the metric depends. As shown in [11] or [22] the
Einstein vacuum field equations
Gab = Rab −
1
2
Rgab = 0,
separate into the Hypersurface equations,
Gua = 0,
and the Evolution equations,
GAB −
1
2
gABg
CDGCD = 0.
The former determines β along the null rays (Gur = 0), U
A (GuA = 0) and V
(Guu = 0), while the latter gives informations about the retarded time derivatives
of the two degrees of freedom contained in hAB. Usually one requires the following
conditions:
(1) For any choice of u one can take the limit r →∞ along each ray;
(2) For some choice of θ and φ and the above choice of u the metric (2.4) should
approach the Minkowski metric (2.2), i.e.
lim
r→∞
β = lim
r→∞
UA = 0, lim
r→∞
V
r
= 1, lim
r→∞
hAB = qAB. (2.8)
Note that these conditions, as pointed out in [11], are rather unsatisfactory
from a geometrical point of view. They will be completely justified later,
using the method of the conformal structure, introduced by Penrose;
(3) Over the coordinate ranges u0 ≤ u ≤ u1, r0 ≤ r ≤ ∞, 0 ≤ θ ≤ π and
0 ≤ φ ≤ 2π all metric functions can be expanded in series of r−1.
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Using the Einstein equations with these assumptions it can be shown [11,22] that
the following asymptotic behaviours hold:
V = r − 2M +O(r−1), (2.9a)
hAB = qAB +
cAB
r
+O(r−2), (2.9b)
β = −
cABcAB
32r2
+ O(r−3), (2.9c)
UA = −
DBc
AB
2r2
+O(r−3), (2.9d)
i.e. the metric (2.4) admits the asymptotic expansion
g = du⊗ du+ du ⊗ dr + dr ⊗ du − r2qABdx
A ⊗ dxB
−
2m
B
r
du⊗ du−
cABcAB
4r2
(du⊗ dr + dr ⊗ du)
− rcABdx
A ⊗ dxB −
DF c
F
A
2
(du ⊗ dxA + dxA ⊗ du) + ... (2.10)
Here the function m
B
= m
B
(u, θ, φ) is called the Bondi mass aspect, cAB =
cAB(u, θ, φ) represents the O(r
−1) correction to hAB andDA is the covariant deriva-
tive with respect to the metric on the unit 2-sphere, qAB [23]. Capital letters A, B,...
can be raised and lowered with respect to qAB. In carrying out the 1/r expansion
of the field equations the covariant derivative DA corresponding to the metric hAB
is related to the covariant derivative DA corresponding to the unit sphere metric
qAB by
DAV
B = DAV
B + CBAEV
E , (2.11a)
where
CBAE =
1
2r
qBF
(
DAcFE +DEcFA −DcAE
)
+O(r−2). (2.11b)
This property will be useful later.
Definition 2.1.
A space-time (M , g) is asymptotically flat if the metric tensor g and its components
satisfy the conditions (2.9) and (2.10). These conditions are often referred to as
boundary conditions.
3. Bondi-Metzner-Sachs group
In this section our purpose is to find the coordinate transformations which preserve
the asymptotic flatness condition. In other words we want to find the asymptotic
isometry group of the metric (2.4) and we must demand some conditions to hold in
order for the coordinate conventions and boundary conditions to remain invariant.
It is clear that, from (2.10), the corresponding changes suffered from the metric
must therefore obey certain fall-off conditions, i.e.
δgrr = 0, δgrA = 0, g
ABδgAB = 0. (3.1)
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and
δguu = O(r
−1), δguA = O(1), (3.2a)
δgur = O(r
−2), δgAB = O(r). (3.2b)
The third of (3.1) expresses the fact that we don’t want the angular metric gAB to
undergo any conformal rescaling under the transformation. However a generaliza-
tion which includes conformal rescalings of gAB can be found in [24].
We know that the infinitesimal change δgab in the metric tensor is given by the
Lie derivative of the metric along the ξa direction, ξa being the generator of the
transformation of coordinates:
δgab = −∇aξb −∇bξa. (3.3)
Clearly the vector ξa obeys Killing’s equation,
∇aξb +∇bξa = 0,
if and only if the corresponding transformations are isometries. What we want to
solve now is an asymptotic Killing’s equation, obtained putting together (3.1) and
(3.2) with (3.3). We get from the first of (3.1)
∇rξr = ∂rξr − Γ
u
rrξu − Γ
r
rrξr − Γ
A
rrξA = 0,
and using the Christoffel symbols given in Appendix A, we get
∂rξr = 2∂rβ,
and hence
ξr = f(u, x
A)e2β , (3.4)
where f is a suitably differentiable function of its arguments.
From the second of (3.1) we obtain
∇rξA +∇Aξr = ∂rξA + ∂Aξr − 2Γ
u
rAξu − 2Γ
r
rAξr − 2Γ
B
rAξB = 0,
and thus, using (3.4) we get
∂rξA − r
2hABf
(
∂rU
B
)
−
2ξA
r
− (∂rhAC)h
BCξB = − (∂Af) e
2β ,
and after some manipulation
∂r
(
ξBg
BD + fUD
)
= −e2βgAD (∂Af) ,
which leads to
ξA = −hDAf
Dr2 + fUDhDAr
2 + r2hDA (∂Bf)
∫ ∞
r
e2βhBD
r′2
dr′
= −fAr
2 + fUAr
2 + IAr
2 +O(r), (3.5)
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where
ID(u, r, xA) = (∂Bf)
∫ ∞
r
e2βhBD
r′2
dr′ =
∂Df
r
+O(r−2),
where fD are suitably differentiable functions of their arguments and the indices
A, B etc. are raised and lowered with respect to the metric qAB.
We can solve algebraically the third equation in (3.1) to obtain ξu:
ξu = −
e2β
2r
(
−∂aξB + Γ
r
ABξr + Γ
C
ABξC
)
hAB.
Working with Christoffel symbols we get the following expression for ξu:
ξu = −
e2βr
4
∂D
(
hABf
D
)
hAB +
e2βr
2
(∂Af)U
A −
e2βr
4
∂D
(
hABI
D
)
hAB
+ e2β
V
r
+ r2hAB(U
AfB − r2UAUBf − r2UAIB). (3.6)
Now equations (3.2) can be used to give constraints on the arbitrary functions f
and fA. From the second of (3.2b) we get
∇AξB +∇BξA = ∂AξB + ∂BξA − 2Γ
u
ABξu − 2Γ
r
ABξr − 2Γ
C
ABξC = O(r).
Using asymptotic expansions (2.9), taking the order r2 of the previous equation
and putting it equal to zero we get
−∂AfB−∂BfA+
1
2
qAB∂D
(
qCEf
D
)
qCE+qCD (∂AqDB + ∂BqDA − ∂DqAB) fC = 0,
thus
−∂AfB + γ
C
ABfC − ∂AfB + γ
C
ABfC = −
1
2
qAB∂D (qCE) q
CE ,
where γABC are the Christoffel symbols with respect to the metric on the unit
sphere qAB. We eventually get
DAfB +DBfA =
1
2
qAB∂D
(
qCEf
D
)
qCE . (3.7)
and hence
DAfB +DBfA = f
D 1
2
qAB (∂DqCE) q
CE +
(
∂Df
D
)
qAB = qABDCf
C .
Thus fB are the conformal Killing vectors of the unit 2-sphere metric qAB.
From the second of (3.2a) we get
∇uξA +∇Aξu = ∂uξA + ∂Aξu − 2Γ
u
Auξu − 2Γ
r
Auξr − 2Γ
B
AuξB = O(1).
Putting the order r2 of this equation equal to zero we obtain
∂ufA = 0. (3.8)
From the first of (3.2b) we get
∇uξr +∇rξu = ∂uξr + ∂rξu − 2Γ
u
urξu − 2Γ
r
urξr − 2Γ
A
urξA = O(r
−2).
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Putting the term of order r0 of the previous equation equal to zero we get
∂uf =
1
4
∂D
(
qABf
D
)
qAB. (3.9)
Putting all the results together we have
∂ufA = 0⇒ fA = fA(x
B), (3.10a)
DAfB +DBfA = 2qAB∂uf ⇒
{
∂2uf = 0,
∂uf =
1
2DAf
A.
(3.10b)
We get for f the following expansion
f = α+
u
2
DAf
A, (3.11)
where α is a suitably differentiable function of xA.
Consider now
ξa = gabξb,
from which we get
ξu = f = α+
u
2
DAf
A, (3.12)
ξA = fA − IA = fA −
DAα
r
− u
DADCf
C
2r
+O(r−2), (3.13)
ξr = −
r
2
[
DAξ
A − UA∂Af
]
= −
r
2
DCξ
C +O(r−1)
= −
r
2
DCf
C +
DCD
Cα
2
+ u
DCD
CDAf
A
4
+O(r−1). (3.14)
The second equality in (3.14) follows from (2.11) and from
qABcAB = 0,
which follows from satisfying at order r−2 the second of (2.6) in the form
0 = hAB∂rhAB = [q
AB −
cAB
r2
+O(r−3)][−
cAB
r2
+O(r−3)].
As r →∞ (3.12) and (3.13) become, respectively
ξu = α+
u
2
DAf
A, (3.15)
ξA = fA. (3.16)
Finally we can state that the asymptotic Killing vector is of the form
ξ = ξa∂a =
[
α(xC) +
u
2
DAf
A(xC)
]
∂u + f
A(xC)∂A, (3.17)
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where α is arbitrary and fA are the conformal Killing vectors of the metric of the
unit sphere. In order to fix ideas, set xA = (θ, φ). It is clear then that θ and φ
undergo a finite conformal transformation, i.e.
θ → θ′ = F (θ, φ), (3.18a)
φ→ φ′ = G(θ, φ), (3.18b)
for which
dθ′2 + sin2 θ′dφ′2 = K2(θ, φ)(dθ2 + sin2 θdφ2),
and hence
K4 = J2(θ, φ; θ′, φ′) sin2 θ (sin θ′)
−2
, J = det
(
∂F
∂θ
∂F
∂φ
∂G
∂θ
∂G
∂φ
)
. (3.18c)
By definition of conformal Killing vector we also have
K2 = eDAf
A
. (3.18d)
The finite form of the transformation of the coordinate u is given, as can be easily
checked, by
u→ u′ = K[u+ α(θ, φ)]. (3.18e)
Definition 3.1.
The transformations (3.18) are called BMS (Bondi-Metzner-Sachs) transforma-
tions, and are the set of diffeomorphisms which leave the asymptotic form of the
metric of an asymptotically flat space-time unchanged.
The BMS transformations form a group. In fact, as is known, the conformal
transformations form a group, so that F ,G, andK have all the necessary properties.
Thus, one must only check the fact that if one carries out two transformation (3.18e)
the corresponding α for the product is again a suitably differentiable function of θ
and φ. If
u1 → u2 = K12[u1 + α12]
and
u2 → u3 = K23[u2 + α23]
then we have
u1 → u3 = K13[u1 + α13], K13 = K12K23, α13 = α12 +
α23
K12
.
Since α13 is a suitably differentiable function it follows that
Proposition 3.1.
The BMS transformations form a group, denoted with B.
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Definition 3.2.
The BMS transformations for which the determinant J , defined in (3.18c), is pos-
itive form the proper subgroup of the BMS group.
In the remainder we will omit the word ‘proper’, even if all of our considerations
will regard this component of B.
Remark 3.1.
Note that the r coordinate too may be involved in the BMS group of transfor-
mations, but such a transformation is somewhat arbitrary since it depends on the
precise type of radial coordinate used and it is not relevant to the structure of
the group. Clearly the BMS group is infinite-dimensional since the transformations
depend upon a suitably differentiable function α(θ, φ).
4. Conformal Infinity
In this part of the work the notion of conformal infinity, originally introduced by
Penrose, is developed. The idea is that if the space-time is considered from the point
of view of its conformal structure only, ‘points at infinity’ can be treated on the
same basis as finite points. This can be done completing the space-time manifold to
a highly symmetrical conformal manifold by the addition of a null cone at infinity,
called I . We want to construct [5,6,7,9], starting from the ‘physical space-time’
(M˜ , g˜), another ‘unphysical space-time’ (M , g) with boundary I = ∂M [25], such
that M˜ is conformally equivalent to the interior of M with gab = Ω
2g˜ab, given
an appropriate function Ω. The two metrics g˜ab and gab define on M˜ the same
null-cone structure. The function Ω has to vanish on I , so that the physical metric
would have to be infinite on it and cannot be extended. The boundary I can be
thought as being at infinity, in the sense that any affine parameter in the metric g˜
on a null geodesic in M attains unboundedly large values near I . This is because
if we consider an affinely parametrized null geodesic γ in the unphysical space-time
(M , g) with affine parameter λ, whose equation is
d2xa
dλ2
+ Γabc
dxb
dλ
dxc
dλ
= 0,
it is easy to see that the corresponding geodesic γ˜ in the physical space-time (M˜ , g˜)
with affine parameter λ˜(λ) is solution of the equation
d2xa
dλ˜2
+ Γ˜abc
dxb
dλ˜
dxc
dλ˜
= −
1
λ˜′
(
λ˜′′
λ˜′
+ 2
Ω′
Ω
)
dxa
dλ˜
,
where ′ denotes a λ derivative. If we want the parameter λ˜ to be affine the right-hand
side of the above equation must vanish, and hence we must have
dλ˜
dλ
=
c
Ω2
,
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where c is an arbitrary constant. Since Ω = 0 on I , λ˜ diverges and hence γ˜ never
reaches I , which apparently really is at infinity. Thus, from the point of view of
the physical metric, the new points (i.e. those on I ) are infinitely distant from
their neighbours and hence, physically, they represent ‘points at infinity’.
The advantage in studying the space-time (M , g) instead of (M˜ , g˜) is that the
infinity of the latter gets represented by a finite hypersurface I and the asymptotic
properties of the fields defined on it can be investigated by studying I and the
behaviour of such fields on I .
However, there is a large freedom for the choice of the function Ω. Anyway, it turns
out [26] from general considerations that an appropriate behaviour for Ω is that it
should approach zero (both in the past and in the future) like the reciprocal of an
affine parameter λ on a null geodesic of the space-time considered (λΩ→ constant
as λ→ ±∞).
Consider physical Minkowski space-time in spherical polar coordinates
g˜ = dt⊗ dt− dr ⊗ dr − r2Σ2, (4.1)
where
Σ2 = dθ ⊗ dθ + sin
2 θdφ ⊗ dφ. (4.2)
Introduce now the standard retarded and advanced null coordinates (t, r)→ (u, v)
defined by
u = t− r, v = t+ r, v ≥ u.
The coordinates u and v serve as affine parameters into the past and into the future
of null geodesics of Minkowski space-time.
The metric tensor becomes
g˜ =
1
2
(du ⊗ dv + dv ⊗ du)−
1
4
(v − u)2Σ2.
Consider now the unphysical metric
g = Ω2g˜,
with the choice
Ω2 =
4
(1 + u2)(1 + v2)
.
Note that for u, v→ ±∞ we have Ωu, Ωv → constant, as pointed out before.
Now to interpret this metric it is convenient to introduce new coordinates
u = tan p, v = tan q, −
π
2
< p ≤ q <
π
2
,
such that we have
g = 2(dp⊗ dq + dq ⊗ dp)− sin2(p− q)Σ2. (4.3)
It is possible to bring the metric (4.3) in a more familiar form by setting
t′ = q+p, r′ = q−p, −π < t′ < π, −π < t′−r′ < π, 0 < r′ < π,
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from which follows
g = dt′ ⊗ dt′ − dr′ ⊗ dr′ − sin2(r′)Σ2. (4.4)
It is worth noting that the metric (4.4) is that of Einstein’s static universe, E ,
the cylinder obtained as product between the real line and the 3-sphere, S3 × R.
However, the manifold M represents just a finite portion of such a cylinder.
Fig. 2. The cylinder E = S3 × R, of which M is just a finite portion, delimited by I +, I−, i+,
i− and i0. We note that the (θ, φ) coordinates are suppressed, so that each point represents a
2-sphere of radius sin r′.
The metric (4.3) is defined at q = π/2 and p = −π/2: those values correspond to
the infinity of M˜ and therefore they represent the hypersurface I . Hence we have
defined a conformal structure on M , whose coordinates are free to move in the
range −π/2 ≤ p ≤ q ≤ π/2. The boundary is given by p = −π/2 or q = π/2 and
the interior of M is conformally equivalent to Minkowski space-time.
We introduce the following points in M :
• i+, called future timelike infinity given by the limits t± r→∞, u, v →∞,
p, q → π2 , t
′ → π, r′ → 0. All the images in M of timelike geodesics
terminate at this point;
• i−, called past timelike infinity given by the limits t±r → −∞, u, v→ −∞,
p, q → −π2 , t
′ → −π, r′ → 0. All the images in M of timelike geodesics
originate at this point;
• i0, called spacelike infinity given by the limits t ± r → ±∞, u → −∞,
v → ∞, p → −π2 , q →
π
2 , t
′ → 0, r′ → π. All spacelike geodesics originate
and terminate at this point.
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We also introduce the following hypersurfaces in M :
• I +, called future null infinity, is the null hypersurface where all the out-
going null geodesics terminate and is obtained in the following way. Null
outgoing geodesics are described by t = r + c, with c finite constant, from
which u = t − r = c and v = t + r = 2t − c. Taking the limit t → ∞
we get u = c and v = ∞, hence q = π/2 and p = tan−1 c = p0 with
−π/2 < p0 < π/2. In (t
′, r′) coordinates t′ = π/2 + p0 and r
′ = π/2− p0.
As p0 runs in its range of values this is a point moving on the segment con-
necting i+ and i0. All outgoing null geodesics terminate on this segment,
described by the equation t′ = π − r′.
• I −, called past null infinity, is the hypersurface form which all null ingoing
geodesics originate. It can be shown that this is given by the region p =
−π/2 and−π/2 < q0 < π/2 and is described, in terms of (t
′, r′) coordinates,
by the segment of equation t′ = π + r′ connecting i− and i0.
Fig. 3. A Penrose diagram for M , using (t′, r′) coordinates.
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Putting
f±(t′, r′) = t′ ± r′ − π,
the two equations defining the hypersurfaces I + and I − are
f±(t′, r′) = 0,
respectively. The normal co-vectors to I + and I − are
n±a =
∂f±
∂xa
= (1,±1, 0, 0).
Since gabn±a n
±
b = 0 it follows that I
+ and I − are null hypersurfaces.
At this stage, we can build some useful representation of the space-time M . One
of them is depicting M as a portion of the cylinder E = S3 × E1, see Figure 2.
Another one is a portion of the plane in (t′, r′) coordinates, that is an example of
Penrose diagram. Each point of the Penrose diagram represents a sphere S2, and
radial null geodesics are represented by straight lines at ±45◦, see Figure 3
One more representation for Minkowski space-time is furnished by Figure 4.
Fig. 4. This is another useful way of depicting M as the interior of two cones joined base to
base. This picture however is not conformally accurate: in fact i0 appears as an equatorial region
whereas it should be a point.
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We note here that for M the points i+, i− and i0 are regular and that I + and
I − both have S2 × R topology. Furthermore, the boundary of M is given by
I = I + ∪I − ∪ i+ ∪ i− ∪ i0.
Consider now Schwarzschild space-time, with metric
g˜ = dt⊗ dt
(
1−
2m
r
)
− dr ⊗ dr
(
1−
2m
r
)−1
− r2Σ2. (4.5)
Introducing (u,w) coordinates as
u = t−
[
r + 2m ln
( r
2m
− 1
)]
, w = 1/r, (4.6)
we have
g˜ = du⊗ du (1− 2mw)− (du ⊗ dw + dw ⊗ du)
1
w2
−
1
w2
Σ2. (4.7)
The first of (4.6) is just the null retarded coordinate, corresponding to a null out-
going geodesic. Note that the coordinate r∗ = r + 2m ln (r/2m− 1) in (4.6) is
the usual Wheeler-Regge ‘tortoise coordinate’ introduced in [27]. Consider now the
unphysical metric
g = Ω2dg˜, Ω = w,
g = w2(1 − 2mw)du⊗ du − (du⊗ dw + dw ⊗ du)− Σ2. (4.8)
Schwarzschild space-time, M˜ , is given by 0 < w < 1/2m because 2m < r <∞. We
remark that the Schwarzschild solution can be easily extended beyond the event
horizon, i.e. 0 < r < ∞ and 0 < w < ∞ because the apparent singular point
r = 2m of the metric (4.5) is just a coordinate singularity and not a physical one,
as can be noticed from (4.7). The metric (4.8) is defined for w = 0 (i.e. r =∞) and
hence for M we may take the range 0 ≤ w < 1/2m, such that the hypersurface
I + is given by Ω = w = 0.
Re-expressing (4.8) in terms of a null advanced coordinate
v = u+ 2r + 4m ln
( r
2m
− 1
)
,
corresponding to a null ingoing geodesic we get
g = w2(1− 2mw)dv ⊗ dv + (dv ⊗ dw + dw ⊗ dv) − Σ2. (4.9)
By doing this it is now possible to introduce I − as the hypersurface of M described
by (4.9) for w = 0. It is easy to check that the hypersurfaces I + and I −, given
by the equations f±(w) = w = 0 are again null hypersurfaces.
The main difference between the Minkowski space-time case emerges from the fact
that the points i+, i− and i0 in the Schwarzschild case are not regular, as could be
deduced by the study of the eigenvalues of the Weyl tensor. However, it should not
be surprising that i+ and i− turn out to be singular, since the source generating
the gravitational field becomes concentrated at these points, at the two ends of its
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Fig. 5. Null infinity for Schwarzschild space-time. Note that w = 0 corresponds both to I + and
I−. The points i± and i0 are singular and have been deleted.
history. Thus, we will omit i+, i− and i0 from the definition of I , that will be
just I = I − ∪ I +. We have two disjoint boundary null hypersurfaces I − and
I + each of which is a cylinder with topology S2×R. These null hypersurfaces are
generated by rays (given by θ,φ =constant, w = 0) whose tangents are normals to
the hypersurfaces. These rays may be taken to be the R′s of the topological product
S2 × R. An useful representation of the Schwarzschild space-time is furnished by
Figure 5.
Take now into account a space-time (M˜ , g˜) with metric tensor [9,26]
g˜ = r−2Adr ⊗ dr +Bi(dx
i ⊗ dr + dr ⊗ dxi) + r2Cijdx
i ⊗ dxj , (4.10)
with A, Bi and Cij sufficiently differentiable functions (say C
3) of xµ, with x0 =
r−1, on the hypersurface I defined by x0 = 0 and in its neighbourhood. If the
determinant
det
(
A Bi
Bj Cij
)
does not vanish, the space-time (M , g) with metric g = Ω2g˜, being Ω = r−1,
g = Adx0 ⊗ dx0 −Bi(dx
i ⊗ dx0 + dx0 ⊗ dxi) + Cijdx
i ⊗ dxj
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is regular on I . It is clear that Schwarzschild space-time is just a particular case of
this more general situation described by (4.10). Furthermore, this metric includes
all metrics of Bondi-Sachs type and describes a situation where there is an isolated
source (with asymptotic flatness) and outgoing gravitational radiation. Hence a
regularity assumption for I seems a not unreasonable one to impose if we wish to
study asymptotically flat space-times and allow the possibility of gravitational ra-
diation. In such situations, therefore, we expect a future-null conformal infinity I
to exist. The choice made for Ω possesses the important property that its gradient
at I , ∂Ω/∂xµ = (1, 0, 0, 0), is not vanishing and hence defines a normal direction
to I (I being described by the equation Ω = 0).
Roughly speaking, to say that a space-time is asymptotically flat means that its
infinity is ‘similar’ in some way to the Minkowski one. As a consequence we may
expect the conformal structure at infinity of an asymptotically flat space-time to
be similar to the one found for the Minkowski case.
With those ideas in mind we may now proceed to a rigorous definition of asymptotic
simplicity for a space-time. However we must also bear in mind that asymptotic
flatness is, by itself, a mathematical idealization, and hence mathematical conve-
nience and elegance constitute, by themselves, important criteria for selecting the
appropriate idealization.
Definition 4.1.
A space-time (M˜ , g˜) is k-asymptotically simple if some Ck+1 smooth manifold-with-
boundary M , with metric g and smooth boundary I = ∂M exists such that:
(1) M˜ is an open sub-manifold of M ;
(2) there exists a real-valued and positive function Ω > 0, that is Ck throughout
M , such that gab = Ω
2g˜ab on M˜ ;
(3) Ω = 0 and ∇aΩ 6= 0 on I ;
(4) every null geodesic on M has two endpoints on I .
The space-time (M˜ , g˜) is called physical space-time, while (M , g) is the unphysical
space-time.
Definition 4.2. [28]
A space-time (M˜ , g˜) is k-asymptotically empty and simple if it is k-asymptotically
simple and if satisfies the additional condition
(5) R˜ab = 0 on an open neighbourhood of I in M (this condition can be
modified to allow for the existence of electromagnetic radiation near I ).
Remark 4.1.
Note that there are many different definitions of asymptotic simplicity. We used
here the one which is due to [26], but others which slightly differ from this are
conceivable [9,28,29].
Remark 4.2.
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Note that, although the extended manifold M and its metric are called ‘unphysical’,
there is nothing unphysical in this construction. The boundary of M˜ in M is
uniquely determined by the conformal structure of M˜ and, therefore, it is just as
physical as M˜ .
Now we try to justify the previous assumptions.
Clearly with 1., 2. and 3. we mean to build I as the null infinity of (M˜ , g˜), using the
results obtained in the Minkowski case, with which it must share some properties.
Condition 4. ensures that the whole of null infinity is included in I . Furthermore,
null geodesics in M˜ correspond to null geodesics in M because conformal transfor-
mations map null vectors to null vectors: the concept of null geodesic is conformally
invariant. Thus, we deduce that past and future infinity of any null geodesic in M˜
are points of I . Condition 5. ensures that the physical Ricci curvature R˜ab vanishes
in the asymptotic region far away from the source of the gravitational field. Finally
note how the points i+, i− and i0 are ruled out from the definition of I , since I
is not a smooth manifold at these points. Now we briefly summarize some of the
properties of an asymptotically simple space-time, under the assumption that the
vacuum Einstein equations hold and hence the cosmological constant equals zero.
• I is a null hypersurface
This is because of condition 5. and condition 3.. In fact it is easy to see
that the Ricci scalar R of the metric gab is related to the Ricci scalar R˜ of
the metric g˜ab by
R˜ = Ω−2R− 6Ω−1gcd∇c∇dΩ + 3Ω
−2gcd∇cΩ∇dΩ,
and hence, by multiplying both members by Ω2, and by evaluating this
equation on I where Ω = 0, it follows that gcd∇cΩ∇dΩ = 0. By condition
3., since ∇cΩ 6= 0, it follows that g
cd∇cΩ∇dΩ = 0 and thus ∇cΩ, the nor-
mal vector to I , is null and, by definition, I is a null hypersurface;
• I is shear-free
Rab is related to R˜ab by
R˜ab = Rab − 2Ω
−1∇a∇bΩ− gab(Ω
−1∇c∇
cΩ− 3Ω−2∇cΩ∇
cΩ).
Since ∇cΩ is null and Rab is defined on I
+, if condition 5. holds, the
previous equation on I + leads to
2∇a∇bΩ+ gab∇c∇
cΩ = 0.
Contracting with gab it gives
∇c∇
cΩ = 0⇒ ∇a∇bΩ = 0.
Hence the normal vector to I is divergence- and shear-free;
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• I + has two connected components, I + and I −, each of which has topol-
ogy S2 × R
The first proof of this theorem, involving sophisticated arguments, is due
to [8]. However, as remarked in [30], the arguments carried out by Penrose
are incorrect, and a more rigorous proof can be found in [31] or in [28]. The
significance of this property lies in the fact that the structure of the confor-
mal infinity found for Minkowski space-time is that of any asymptotically
simple space-time.
At this stage we must make a clarification. In fact we must point out that condition
4. is difficult to verify in practice and is not even satisfied by some space-times that
we would like to classify as asymptotically flat. As an example, for Schwarzschild
space-time, it is known that there exist null circular orbits with radius 3m, and
hence do not terminate on I +. For these reasons condition 4. is often too strong
and gets replaced by a weaker one that brings to the notion of weakly asymptotically
simple space-time.
Definition 4.3.
A space-time (M˜ , g˜) is weakly asymptotically simple if there exists an asymptotically
simple space-time (M˜ ′, g˜′) with associated unphysical space-time (M ′, g′), such that
for a neighbourhood H ′ of I ′ in M ′, the region M˜ ′∩H ′ is isometric to a similar
neighbourhood H˜ of M˜ .
In this way a weakly asymptotically simple space-time possesses the same
properties of the conformal infinity of an asymptotically simple one, but the null
geodesics do not necessary reach it because it may have other infinities as well.
Such space-times are essentially required to be isometric to an asymptotically sim-
ple space-time in a neighbourhood of I .
Remark 4.3.
Note that the definition 2.1 of asymptotic flatness seems to be completely different
from that of asymptotic simplicity 4.1 and weak asymptotic simplcity 4.2. However,
the two approaches are equivalent, as shown in [32,33], since they lead to the same
asymptotic properties, using two different ways. It is worth noting that the confor-
mal method introduced by Penrose represents a ‘natural evolution’ of the previous
one, being more geometrical.
5. Symmetries on I
The geometrical approach to asymptotic flatness, discussed in the previous section,
affords us a much more vivid picture of the significance of the BMS group.
The idea is that, by adjoining to the physical space-time (M˜ , g˜) an appropriate
conformal boundary I , as done in Sect. 4, we may obtain the asymptotic symme-
tries as conformal transformations of the boundary, the boundary having a much
better chance of having a meaningful symmetry group than M˜ .
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We start by making an example to better understand the nature of the problem,
which is due to [34]. Consider Minkowski space-time with standard coordinates
(t, x, y, z), the metric being given by
g = ηabdx
a ⊗ dxb = dt⊗ dt− dx ⊗ dx− dy ⊗ dy − dz ⊗ dz,
and consider the null cone N through the origin, given by the equation
t2 − x2 − y2 − z2 = 0. (5.1)
The generators of N are the null rays through the origin, given by
t : x : y : z = const,
with t, x, y, z satisfying (5.1). Let us consider S2 to be the section of N by the space-
like 3-plane t = 1. Then there exists a (1-1)-correspondence between the generators
of N and the points of S2 (i.e. that given by the intersections of the generators
with t = 1). We may regard S2 as a realization of the space of generators of N .
However, we could have used any other cross-section Sˆ2 of N to represent this
space. The important point is to realize that the map which carries any one such
cross-section into another, with points on the same generator of N corresponding
to one another, is a conformal map. The situation is reported in Figure 6.:
Fig. 6. The generators of the null cone N establish a 1-1 map between any two cross-sections of
N .
The above mentioned map being conformal, the space of generators of N may itself
be assigned a conformal structure, i.e. that of any of these sections. To see that the
map is conformal we may re-express the induced metric on N in the form
g
N
= −r2γαβ(x
γ)dxα ⊗ dxβ + 0 · dr ⊗ dr, (5.2)
where xα and r are coordinates on N , the generators being given by the coordinate
lines xα = const (the term ‘0’ takes into account that, the surface N being null, its
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induced metric is degenerate, i.e. with vanishing determinant). There exist obviously
many ways of attaining the form (5.2). One is to use ordinary spherical coordinates
for Minkowski space-time, giving g
N
= −r2(dθ ⊗ dθ + sin2 θdφ⊗ dφ) + 0 · dr ⊗ dr.
Since a cross-section of N is given by specifying r as function of xα it is clear
that any two cross-sections give conformally related metrics, being mapped to one
another by the generators of N . It is now obvious that many other cone-like null
surfaces will share this property of N , provided their metrics can be put in the
form (5.2). Now if we suppose here to deal with an empty asymptotically simple
space-time (M˜ , g˜) (according to definition 4.2, with associated unphysical space-
time (M , g)) we know that, if I is null, it has the important property to be shear-
free, as discussed in Sect. 4. Physically, the shear-free nature of the generators of
I tells us that small shapes are preserved as we follow these generators along I .
Hence any diffeomorphism which maps each null generator of I + into itself is a
conformal transformation for any metric on I +. That is to say, if we take any two
cross-sections S1 and S2 of I
+ or I −, then the correspondence between S1 and S2
established by the generators is a conformal one. This is exactly the same situation
we encountered in the example with N . We have the following
Proposition 5.1.
If I is null, then any two cross-sections of I ± are mapped to one another confor-
mally by the generators of I ±.
In Sect. 4 we have discussed that the topology of I ± is S2 × R, where the R
factor may be taken as the null-geodesic generator I ±. Hence these generators, by
proposition 5.1, establish a conformal mapping between any two S2 cross-sections
of I ±, these sections being of course conformal spheres. It is a theorem that any
conformal 2-surface with the topology of a sphere S2 is conformal to the unit 2-
sphere in Euclidean 3-space. Thus we can assume without loss of generality, that
the conformal factor Ω has been chosen so that some cross-section S has unphysical
squared line element −ds2 of a unit 2-sphere. Given one choice of Ω, we can always
make a new choice Ω′ = ΘΩ which again has the property of vanishing at I
with non-zero gradient there. The factor Θ has to be an arbitrary smooth positive
function on I and can be chosen to rescale the metric on I as we please. It is
worth noting that the shear-free condition can be saved by the change Ω′ = ΘΩ,
as discussed in [29]. This property can be interpreted as a ‘gauge freedom’ in the
choice of the conformal factor Ω. We can use this freedom to set the metric of
a continuous sequence of cross-sections along the generators equal to that of S.
Hence, in spherical polar coordinates the induced metric on I + is
g
I+
= dθ ⊗ dθ + sin2 θdφ⊗ dφ + 0 · du⊗ du, (5.3)
where u is a retarded time coordinate, i.e. a parameter defined along each generator
increasing monotonically with time from −∞ to +∞, the corresponding form with
an advanced time coordinate v in place of u holding for I −. The surfaces u = const
are cross-sections of I +, each of which has the metric of a unit 2-sphere, as is clear
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from (5.3).
From the above discussion it follows that the metric on I + belongs to an equiva-
lence class of metrics, two elements being equivalent if they are conformally related
one to the other. Hence, the form of the metric (5.3) is just one element of this
equivalence class that we have chosen as representative. Let us consider the group
of conformal transformations of I +, i.e. the group of transformations which con-
formally preserve the metric (5.3). It is clear that any smooth transformation which
maps each generator into itself will be allowable:
u→ u′ = F (u, θ, φ), (5.4)
with F smooth on the whole I + and ∂F/∂u > 0, since it has to map the whole
range for u to itself, for any θ and φ. In addition, we can allow conformal transfor-
mations of the (θ, φ)-sphere into itself. These transformations can be regarded as
those of the compactified complex plane C ∪ {ζ = ∞} into itself. Introducing the
complex stereographic coordinate
ζ = eiφ cot
θ
2
,
we have that (5.3) may be written as
g
I+
=
2(dζ ⊗ dζ¯ + dζ¯ ⊗ dζ)
(1 + ζζ¯)2
+ 0 · du⊗ du. (5.5)
Then the most general conformal transformation of the compactified plane is given
by
ζ → ζ′ =
aζ + b
cζ + d
, (5.6)
where a,b,c,d ∈ C, that can be normalized to satisfy ad− bc = 1.
Remark 5.1.
Since conformal transformations can be equivalently expressed in terms of xA or ζ
coordinates, in the remainder we will use both of them, depending on the conve-
nience.
The particular functional form of the transformations in (5.6) results from the
request that they must be diffeomorphisms of the compactified plane C ∪ {ζ =
∞} into itself. Hence the transformations must have at least one pole, at ζ∗ say,
corresponding to the point that is mapped to the north pole F (ζ∗) = ∞ and at
least one zero, at ζ∗∗ say, corresponding to the point that is mapped to the south
pole F (ζ∗∗) = 0. Thus, the transformations must be some rational complex function
where the roots of the numerator and the denominator correspond to the points that
are mapped to the south and the north pole, respectively. Since the transformation
must be injective there must be one, and only one, point that is mapped to the
south pole, and also exactly one other point that is mapped to the north pole. This
requires that both numerator and denominator be linear functions of ζ. Requiring
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this map to be surjective finally imposes that the complex numbers a, b, c, d in (5.6)
must satisfy ad − bc 6= 0 (all of these parameters can be appropriately rescaled
to get ad − bc = 1 leaving the transformation unchanged). It is worth remarking
that in pure mathematics these transformations were studied by Poincare´ and other
authors when they developed the theory of what are nowadays called automorphic
functions, i.e. meromorphic functions such that f(z) = f((az + b)/(cz + d)) [35]. It
is easy to see that these transformations contain:
• Translations ζ → ζ′ = ζ + b, b ∈ C;
• Rotations ζ → ζ′ = eiθζ, θ ∈ R;
• Dilations ζ → ζ′ = e−χζ, χ ∈ R;
• Special transformations ζ → ζ′ = −
b2
ζ2
, b ∈ C;
Any transformation of the form (5.6) can be obtained as the composition of a spe-
cial transformation, a translation, a rotation and a dilation.
Usually, transformations (5.6) are referred to as the conformal group (in two di-
mensions), the projective linear group, the Mo¨bius transformations or the fractional
linear transformations, and is denoted by PSL(2,C) ∼= SL(2,C)/Z2 (as will be dis-
cussed in the next section). Under these transformations we have
2(dζ′ ⊗ dζ¯′ + dζ¯′ ⊗ dζ′)
(1 + ζ′ζ¯′)2
= K2(ζ, ζ¯)
2(dζ ⊗ dζ¯ + dζ¯ ⊗ dζ)
(1 + ζζ¯)2
⇒ g′
I+
= K2g
I+
,
with
K(ζ, ζ¯) =
1 + ζζ¯
(aζ + b)(a¯ζ¯ + b¯) + (cζ + d)(c¯ζ¯ + d¯)
. (5.7)
It can be shown that transformations (5.6) are equivalent to (3.18a) and (3.18b),
and that the conformal factor K in (5.7) is the same as one in (3.18c), expressed
in terms of the (θ, φ) variables.
Definition 5.1.
The group of transformations
ζ → ζ′ =
aζ + b
cζ + d
, (5.8a)
u→ u′ = F (u, θ, φ), (5.8b)
with ad − bc = 1 and with F smooth and ∂F/∂u > 0 is the Newman-Unti (NU)
group.
Remark 5.2.
Note that (5.8a) are the non-reflective conformal transformations of the S2-space of
generators of I + (the conformal structure being defined equivalently by one of its
cross-sections), while (5.8b), when (5.8a) is the identity (a = d = 1, b = c = 0), give
the general non-reflective smooth transformations of the generators to themselves.
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The conformal metric (5.5) is considered to be part of the universal intrinsic
structure of I + (universal, in the sense that any space-time which is asymptotically
simple and vacuum near I has a I + metric and similarly a I − metric which is
conformal to (5.5)). Hence the NU group can be regarded as the group of non-
reflective transformations of I + preserving its intrinsic (degenerate) conformal
metric [34,36].
However, the NU group is different from the BMS group, the former being larger
than the latter. In fact the NU group allows a greater freedom in the function F ,
while in the BMS group F is constrained to be of the form (3.18e). Thus, we want
to be somehow able to reduce this freedom, assigning a further geometric structure
to I +, the preservation of which will furnish the BMS group, restricting exactly
the form of F to be the one of (3.18e). This additional structure is referred to as the
strong conformal geometry [26,34]. The most direct way to specify this structure is
the following. Consider a replacement of the conformal factor,
Ω→ Ω′ = ΘΩ. (5.9)
We choose the function Θ to be smooth and positive on M and nowhere vanishing
on I +. Under (5.9) the metric transforms as
gab → g
′
ab = Θ
2gab, g
ab → g′ab = Θ−2gab,
and the normal co-vector to I + as
Na = −∇aΩ→ N
′
a = −∇
′
aΩ
′ = −∇aΩ
′ = −Ω∇aΘ−Θ∇aΩ ≈ ΘNa,
while the vector
Na = gab∂bΩ→ N
′a = g′abN ′b ≈ Θ
−1Na,
where we introduced the ‘weak equality’ symbol ≈. Considering two fields ψ...... and
φ......, saying that
ψ...... ≈ φ
...
... (5.10)
means that ψ...... − φ
...
... = 0 on I . The line element dl of I
+ rescales according to
dl→ dl′ = Θdl. (5.11)
Having done any allowable choice of the conformal factor Ω, through the function
Θ, and hence some specific choice of the metric dl for cross-sections of I +, then it
is defined, from Na = −∇aΩ, a precise scaling for parameters u on the generators
of I +, fixed by
∂
∂u
= Na∇a, i.e. N
a∇au = 1.
Under (5.9) we see that to keep the scaling of the parameters u along the generators
fixed we must choose
du→ du′ = Θdu, (5.12)
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so that
Na∇au→ N
′a∇′au
′ = N ′a∇au
′ = N ′a
∂u′
∂xa
= Θ−1ΘNa∇au = 1.
All the parameters u, linked by (5.12), scale in the same way along the generators
of I +. From (5.11) and (5.12) we see that the ratio
dl : du (5.13)
remains invariant and it is independent of the choice of the conformal factor Ω. It
is the invariant structure provided by (5.13) that can be taken to define the strong
conformal geometry. To better reformulate this invariance we introduce the concept
of null angle [6,26,34,37]. Consider two non-null tangent directions at a point P of
I +. Let [X ] and [Y ] be such directions. If no linear combination of X ∈ [X ] and
Y ∈ [Y ] is the null tangent direction at P , then the angle between [X ] and [Y ] is
defined by the metric (5.3). However, if the null tangent direction at P is contained
in the plane spanned by [X ] and [Y ], then the angle between [X ] and [Y ] always
vanishes. To see this choose X ∈ [X ], Y ∈ [Y ] and N ∈ [N ] ([N ] being the null
direction tangent at P ), such that Y = X+N . Then since N is null we have, using
the metric g on I + given in (5.3) (and hence any other one of its equivalence class)
0 = g(N,X) = g(Y −X,X) = g(Y,X)− g(X,X),
and
0 = g(N, Y ) = g(Y −X,Y ) = g(Y, Y )− g(X,Y ),
from which the angle θ between [X ] and [Y ], given by
cos θ =
g(X,Y )√
g(X,X)g(Y, Y )
= 1,
vanishes. However, if we require the strong conformal geometry structure to hold
and hence the invariance of the ratio (5.13) we can numerically define the null angle
ν between two tangent directions at a point P of I + by
ν =
δu
δl
, (5.14)
where the infinitesimal increments δu and δl are as indicated in Figure 7 [26].
By virtue of the strong conformal geometry, under change of the conformal factor
for the metric of I +, null angles remain invariant. For further insights about the
strong conformal geometry and the interpretation of null angles we suggest to read
[34] or [37].
A transformation of I + to itself which preserves angles and null angles, i.e. that
respects the strong conformal geometry structure, must have the effect that any
expansion (or contraction) of the spatial distances dl is accompanied by an equal
expansion (or contraction) of the scaling of the special u parameters. The allowed
transformations have the form (5.8a), where function F must now have the precise
form that allows the ratio du : dl to remain invariant. Under the transformation
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Fig. 7. A null angle ν on I +, given by ν = δu/δl, is defined between a pair of directions on I +
whose span contains the null normal direction to I +.
(5.9) we have, as seen, that the sphere of the cross-section of I + undergoes a
conformal mapping, i.e.
dl→ dl′ = Θdl.
Since Θ is the conformal factor of the transformation, it depends only on θ and
φ or, equivalently, on ζ and ζ¯ and must have the form given in (5.7). We must
therefore also have
du→ du′ = Θdu,
Integrating we get
u→ u′ = Θ[u+ α(ζ, ζ¯)],
where Θ assumes the form
Θ(ζ, ζ¯) =
1 + ζζ¯
(aζ + b)(a¯ζ¯ + b¯) + (cζ + d)(c¯ζ¯ + d¯)
,
with a, b, c, d ∈ C and ad− bc = 1. By virtue of definition 3.1 we have obtained the
following
Proposition 5.2.
The group of conformal transformations of I + which preserve the strong conformal
geometry, i.e. both angles and null angles, is the BMS group.
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Remark 5.3.
Conformal transformations, and hence the NU group, always preserve finite an-
gles, but null angles, i.e. angles between tangent vectors of which Na is a linear
combination, are preserved by the BMS group only.
The general form of a BMS transformation is thus
ζ → ζ′ =
aζ + b
cζ + d
, (5.15a)
u→ u′ =
(1 + ζζ¯)[u + α(ζ, ζ¯)]
(aζ + b)(a¯ζ¯ + b¯) + (cζ + d)(c¯ζ¯ + d¯)
, (5.15b)
with a, b, c, d ∈ C and ad − bc = 1. Clearly the BMS group is a subgroup of the
NU group, the function F having its form fixed. However it is still an infinite-
dimensional function-space group.
6. Structure of the BMS group
We discuss first the BMS transformations obtained by setting α = 0,
u→ u′ = Ku, ζ → ζ′ =
aζ + b
cζ + d
, (6.1)
with
K(ζ, ζ¯) =
1 + ζζ¯
(aζ + b)(a¯ζ¯ + b¯) + (cζ + d)(c¯ζ¯ + d¯)
,
i.e. a rescaling for u and a transformation of the group PSL(2,C) for ζ. Any of these
transformations is specified by the 4 constants a, b, c, d ∈ C, satisfying ad− bc = 1.
Hence there are only 3 independent complex parameters, i.e. 6 independent real
parameters. Any element f ∈ PSL(2,C) reads as
f =
aζ + b
cζ + d
≡ {a, b, c, d}.
Note that under simultaneous change a → −a, b → −b, c → −c, d → −d any
element f ∈ PSL(2,C) remains unaffected, i.e.
f = {a, b, c, d} = {−a,−b,−c,−d}. (6.2)
Now take into account the group SL(2,C) of (2 × 2) complex matrices Q with
det[Q] = 1:
Q =
(
A B
C D
)
, det[Q] = AD −BC = 1, A,B,C,D ∈ C.
Clearly the dimension of SL(2,C) is 6. Hence we can consider a map ϕ˜, between
PSL(2,C) and SL(2,C) defined by
ϕ˜ : f = {a, b, c, d} ∈ PSL(2,C) −→ ϕ˜(f) =
(
a b
c d
)
∈ SL(2,C). (6.3)
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It is easy to show that, since the group operation of PSL(2,C) is the function
composition ◦, given f = {a, b, c, d} and g = {a′, b′, c′, d′} ∈ PSL(2,C) we have
f ◦ g = {aa′ + bc′, ab′ + bd′, ca′ + dc′, cb′ + dd′} ∈ PSL(2,C).
Then taking the images of f and g through ϕ˜,
ϕ˜(f) =
(
a b
c d
)
, ϕ˜(g) =
(
a′ b′
c′ d′
)
,
we have, since the operation in SL(2,C) is the ordinary matrix product,
ϕ˜(f) · ϕ˜(g) =
(
aa′ + bc′ ab′ + bd′
ca′ + dc′ cb′ + dd′
)
= ϕ˜(g ◦ f). (6.4)
Note that, by virtue of (6.2), to the same element f there correspond, through ϕ˜,
two different elements, ϕ˜(f) and −ϕ˜(f). If we consider now the map ϕ:
ϕ : f = {a, b, c, d} ∈ PSL(2,C) −→ ϕ(f) =
(
a b
c d
)
∈ SL(2,C)/Z2.
it is clear that property (6.4) holds for ϕ as well. This map is a group isomorphism,
ϕ(f) and −ϕ(f) being now identified in SL(2,C)/Z2. We can state
PSL(2,C) ∼= SL(2,C)/Z2. (6.5)
The group SL(2,C) is the double covering of PSL(2,C). Furthermore, it is a well
known result that
L ∼= SL(2,C)/Z2, (6.6)
where L is the connected component of the Lorentz group. Thus
PSL(2,C) ∼= L . (6.7)
We have the following
Proposition 6.1.
The connected component of the Lorentz group is isomorphic with the subgroup
PSL(2,C) of the BMS group.
To make this isomorphism explicit take an element f = {a, b, c, d} ∈ PSL(2,C)
and through ϕ assign to it an element of SL(2,C),
ϕ(f) =
(
a b
c d
)
∈ SL(2,C), ad− bc = 1.
Then, using the isomorphism of (6.6) it can be shown with lengthy calculations [39]
that to ϕ(f) there corresponds an element of L given by the matrix
Λ(f) = (6.8)
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

1
2
(
|a|2 + |b|2 + |c|2 + |d|2
)
−Re
{
ab¯+ cd¯
}
Im
{
ab¯+ cd¯
}
1
2
(
|a|2 − |b|2 + |c|2 − |d|2
)
−Re
{
a¯c+ b¯d
}
Re
{
a¯d+ b¯c
}
−Im
{
ad¯− bc¯
}
−Re
{
a¯c+ b¯d
}
Im
{
a¯c+ b¯d
}
−Im
{
a¯d+ b¯c
}
Re
{
ad¯− bc¯
}
Im
{
a¯c+ b¯d
}
1
2
(
|a|2 + |b|2 − |c|2 − |d|2
)
−Re
{
ab¯− cd¯
}
Im
{
ab¯− cd¯
}
1
2
(
|a|2 − |b|2 − |c|2 + |d|2
)

 .
At this stage, the relation between the Lorentz group and the sphere appears as a
mere coincidence. In particular, since the original Lorentz group is defined by its
linear action on a four-dimensional space, there is no reason for it to have anything
to do with certain non-linear transformations of a two-dimensional manifold such as
the sphere. However, it can be shown that this is not accidental. Following [39], we
can suppose to perform a Lorentz transformation in Minkowski space-time equipped
with standard coordinates (t, x, y, z), i.e.
x′µ = Λµνx
ν , Λ ∈ L .
We may introduce Bondi coordinates (u, r, xA) for Minkowski space-time as done
in (2.1). Then if we evaluate the limit for large values of the radial coordinate
r =
√
x2 + y2 + z2 keeping the value of u = t − r fixed (i.e. on I ) and use the
isomorphism (6.6) and hence (6.8) we obtain the following behaviour:
ζ′ =
aζ + b
cζ + d
+O(r−1).
where ζ = eiφ cot θ2 . Furthermore it can be checked that both u and r, under the
effect of a Lorentz transformation on I , undergo an angle-dependent rescaling.
Hence we have obtained a fundamental result: Lorentz transformations acting on
I , expressed in terms of the parameters a, b, c, d coincide with conformal transfor-
mations of PSL(2,C). Since asymptotically flat space-times have the same structure
of a Minkowski space-time at infinity, this argument can be extended to all of them
too. In the remainder we will use L to describe the group structure of B, the
isomorphism with PSL(2,C) being implicit.
Now we turn to analyse the transformations which involve a non-vanishing α(θ, φ).
Definition 6.1.
The Abelian subgroup of BMS transformations for which
θ′ = θ, φ′ = φ, u′ = u+ α(θ, φ), (6.9)
is called supertranslation subgroup and is denoted by S .
Under such a transformation the system of null hypersurfaces u = const is
transformed into another system of null hypersurfaces u′ = const.
To proceed further in the analysis of the structure of the BMS group we need to
recall the concepts of right and left cosets and, hence, that of normal subgroup [40].
Consider a group G and a subgroup H of G. Introduce in G the equivalence relation
∼ defined, for g, a ∈ G, as
g ∼ a⇐⇒ ag−1 ∈ H ⇐⇒ a ∈ Hg.
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It is easy to verify that the previous relation is reflexive, symmetric and transitive.
Definition 6.2.
The equivalence class with respect to ∼ is called right coset of H in G with respect
to g and is denoted by Hg:
[g] = {hg : h ∈ H} = Hg.
Similarly, the left coset of H in G with respect to g can be introduced as
[g]∗ = {gh : h ∈ H} = gH.
In general, right and left cosets are different sets.
Definition 6.3.
A subgroup N of G which defines a unique partition,
[g] = [g]∗ ⇐⇒ gN = Ng ∀g ∈ G
is called normal subgroup of G.
Clearly it follows that for every n ∈ N and g ∈ G the product gNg−1 ⊆ N .
Note that every group G possesses normal subgroups, since G and the identity are
normal subgroups.
Now consider for a general subgroup H of G the quotient group (or factor group)
G/H , defined as
G/H = {[g] : g ∈ G}.
If H is normal the elements of G/H are, indistinctly, the right and left cosets.
Furthermore, under this hypothesis, the set G/H can be equipped with a group
structure in a natural way by defining the product ∗:
∗ :G/H ×G/H −→ G/H
gH ∗ g′H ≡ gg′H,
i.e.,
[g] ∗ [g′] ≡ [gg′].
It can be shown that G/H equipped with the product ∗ satisfies the group axioms.
We are now ready to discuss further the BMS properties.
Any element b of B can be written as
b = (Λ, α).
Note that with this nomenclature any element Λ of L (or, equivalently, of
PSL(2,C)) can be written as Λ = (Λ, 0) and any element s of S as s = (I, α),
where I denotes the identity in L .
The action of b on the variables (ζ, u) is
b(ζ, u) = (f(ζ),K[u + α(ζ, ζ¯)]),
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where f is the element of PSL(2,C) which corresponds to Λ through the above
discussed isomorphism and K is its conformal factor.
It is easy to show that, with this notation, we have for the inverse of b:
b−1 = (Λ−1,−Kα). (6.10)
On considering an element s = (I, β) of S we have
bsb−1(ζ, u) = (ζ, u+Kβ(ζ, ζ¯)) = s′(ζ, u),
with
s′ = (I,Kβ) ∈ S .
From the above discussion we have the following
Proposition 6.2.
The supertranslations S form an Abelian normal, infinite-parameter, subgroup of
the BMS group:
bS b−1 = S for all b ∈ B.
Under the assumption that the function α is twice differentiable, we can expand
it into spherical harmonics as
α(θ, φ) =
∞∑
l=0
l∑
m=−l
αl,mYl,m(θ, φ), αl,−m = (−1)
mα¯l,m. (6.11)
Definition 6.4.
If in decomposition (6.11) αl,m = 0 for l > 2, i.e.
α ≡ αt = ǫ0 + ǫ1 sin θ cosφ+ ǫ2 sin θ sinφ+ ǫ3 cos θ, (6.12)
then the supertranslations reduce to a special case, called translation subgroup, de-
noted by T , with just four independent parameters ǫ0, ..., ǫ3.
It is easy to show that ζ = eiφ cot θ2 implies
cosφ =
ζ + ζ¯
2
√
ζζ¯
, sinφ =
i(ζ¯ − ζ)
2
√
ζζ¯
,
cos θ =
ζζ¯ − 1
1 + ζζ¯
, sin θ =
2
√
ζζ¯
1 + ζζ¯
.
Then equation (6.12) becomes
αt = ǫ0 + ǫ1
ζ + ζ¯
1 + ζζ¯
+ ǫ2
(iζ − iζ¯)
1 + ζζ¯
+ ǫ3
ζζ¯ − 1
1 + ζζ¯
=
A+Bζ + B¯ζ¯ + Cζζ¯
1 + ζζ¯
,
January 24, 2019 1:29 WSPC/INSTRUCTION FILE
On˙the˙structure˙and˙applications˙of˙the˙Bondi˙Mentzner˙Sachs˙Group
34 F. Alessio, G. Esposito
with A and C real. Hence in terms of ζ and ζ¯ a translation is
u = t− r → u′ = u+
A+Bζ + B¯ζ¯ + Cζζ¯
1 + ζζ¯
,
ζ → ζ′ = ζ.
If we let t, x, y, z be Cartesian coordinates in Minkowski space-time, it is easy to
see that
Z2ζ =
(x+ iy)(1− z/r)
4r
, x = r(ζ + ζ¯)Z,
y = −ir(ζ − ζ¯)Z, z = r(ζζ¯ − 1)Z,
where Z = 1/(1 + ζζ¯). Now if we perform a translation
t→ t′ = t+ a, x→ x′ = x+ b, y → y′ = y + c, z → z′ = z + d,
it is easy to get
u = t− r → u′ = u+ Z(A+Bζ + B¯ζ¯ + Cζζ¯) +O(r−1),
ζ → ζ′ = ζ +O(r−1).
with A = a + d, B = b − ic and C = a − d. Thus, the nomenclature ‘translation’
is consistent with that for the space-time translations in Minkowski space-time.
In fact we have just shown that any translation in the ordinary sense induces a
translation (i.e. an element of T ) on I +.
It is easy to verify that for any b = (Λ, α) ∈ B and for any t = (I, αt) ∈ T we have
btb−1(ζ, u) = (ζ, u+Kαt) = t
′(ζ, u),
with
t′ = (I,Kαt(ζ, ζ¯)) ∈ T .
Note that it is not obvious that Kαt is still a function of θ and φ containing only
zeroth- and first-order harmonics. A proof of this result will be given in Sect. 8. On
taking for the moment this result for true, the following proposition holds:
Proposition 6.3.
The translations T form a normal four-dimensional subgroup of B:
bT b−1 = T for all b ∈ B,
and clearly
sT s−1 = T for all s ∈ S .
We have the following inclusion relations:
T ⊂ S ⊂ B.
January 24, 2019 1:29 WSPC/INSTRUCTION FILE
On˙the˙structure˙and˙applications˙of˙the˙Bondi˙Mentzner˙Sachs˙Group
The Bondi-Mentzner-Sachs Group 35
The next step will be to investigate the group structure of B. It is easy to show
that for any b ∈ B there exists a unique Λ ∈ L and s ∈ S such that b = Λs. In
fact given
Λ = (Λ, 0) ∈ L , s = (I, α) ∈ S ,
we have that
Λs(ζ, u) = Λ(ζ, u+ α) = (f(ζ),K[u + α(ζ, ζ¯)]) = b(ζ, u)
with b = (Λ, α). The uniqueness results from the observation that L ∩ S = {e}
where e = (I, 0) is the identity in B, since if fs = f ′s′, then f ′−1f = s′s−1 ∈ L ∩S
implying f ′ = f and s′ = s. Hence we have
B = L S . (6.13)
Furthermore, the supertranslations S form an (Abelian) normal subgroup of B,
according to 6.2. Thus we can already state that, by definition of semi-direct prod-
uct,
Proposition 6.4.
The BMS group is a semi-direct product of the conformal group of the unit 2-sphere
with the supertranslations group, i.e.
B = L ⋊S .
We can say more by specifying an action of L on S and, hence, by specifying
a product rule for two elements of B. Let S be the vector space of real functions
on the Riemann sphere. Let σ be a smooth right action of L on S defined as
σ : (Λ, α) ∈ L ×S −→ σΛ(α) ≡ αΛ ∈ S (6.14a)
such that
α(ζ, ζ¯)Λ = K−1α(f(ζ), f¯(ζ¯)), (6.14b)
where K is the conformal factor associated with f , the element of PSL(2,C) that
corresponds to Λ. Then it is easy to verify that the composition law for the elements
of B is
b1 · b2 = (Λ1, α1) · (Λ2, α2) = (Λ1 · Λ2, α2 + α1f2).
Note that the inverse of b in (6.10) may be written as
b−1 = (Λ−1,
[
αΛ−1
]−1
).
Thus the BMS group is the right semi-direct product [41] of L with S under the
action σ, i.e.
B = L ⋊σ S . (6.15)
Historically, this semi-direct product structure was realized by [42]. Succesively
this idea was developed by [43] who gave an incorrect formula for the action (6.14).
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Eventually the mistake was amended by [14], who defined a good action to describe
the semi-direct product structure of the BMS group. However, the idea used here of
giving a right action and hence of describing the BMS group as a right semi-direct
product was not developed by any of these authors and it is an original contribution
of our work.
Furthermore, it can be shown that from the above discussion it follows that, by
virtue of the first isomorphism theorem,
L ∼= B/S , (6.16)
i.e. L is the factor group of B with respect to its normal subgroup S .
Remark 6.1.
Note that the structure of the BMS group is similar to that of the Poincare´ group,
denoted by P. In fact the Poincare´ group can be expressed as the semi-direct
product of the connected component of the Lorentz group L and the translations
group T , the former being the factor group of P with respect to the latter, i.e.
L ∼= P/T . The action of L on T is the ‘natural’ one, i.e. the usual multiplication
of an element Λ ∈ L with a vector b ∈ T .
Theorem 6.1.
If N ′ is a 4-dimensional normal subgroup of B, then N ′ is contained in S .
Proof. Consider the image N ′/S of N ′ under the homomorphism B → B/S .
Since N ′ by hypothesis is a normal subgroup of B, N ′/S is a normal subgroup of
B/S and hence, by proposition 6.2, a subgroup of the connected component of the
Lorentz group L . However, the only normal subgroups of L are L itself and the
identity e of L . Then N ′ must be 6-dimensional, contrary to hypothesis. Therefore
N ′/S = e; N ′ is thus contained in S .
7. BMS Lie Algebra
In this section we are going to investigate the Lie Algebra of the BMS group.
At first we consider the generators of PSL(2,C). For an infinitesimal conformal
transformation we know that the xA coordinates change as
xA → x′A = xA + fA,
where fA is a conformal Killing vector of the unit 2-sphere. Furthermore, from (6.1)
and taking into account (3.18d) an infinitesimal transformation for u reads as
u→ u′ = Ku = e
1
2DAf
A
u ≃ u+
u
2
DAf
A.
Thus, the generator of transformation (6.1) is
ξR = f
A∂A +
u
2
DAf
A∂u. (7.1)
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To see how their Lie algebra closes, consider the Lie bracket of two of them, ξR1
and ξR2 :
[ξR1 , ξR2 ] =
[
fA1 ∂A +
u
2
DBf
B
1 ∂u, f
C
2 ∂C +
u
2
DCf
C
2 ∂u
]
= (fA1 ∂Af
C
2 − f
A
2 ∂Af
C
1 )∂C +
u
2
(fA1 ∂ADCf
C
2 − f
C
2 ∂CDBf
B
1 )∂u.
After some calculation the term proportional to ∂u becomes
u
2
DC(f
A
1 ∂Af
C
2 − f
A
2 ∂Af
C
1 ) +
u
2
(∂AΓ
C
CB)(f
A
1 f
B
2 − f
B
1 f
A
2 ).
The last term in the previous equation vanishes since it can be shown by direct
calculation that for the metric qAB
∂AΓ
C
CB = −
1
sin2 θ
δθAδ
θ
B,
and hence (
∂AΓ
C
CB
)
(fA1 f
B
2 − f
B
1 f
A
2 ) = −
1
sin2 θ
(fθ1 f
θ
2 − f
θ
1 f
θ
2 ) = 0.
Finally we get
[ξR1 , ξR2 ] = ξRˆ = fˆ
A∂A +
u
2
DAfˆ
A∂u (7.2a)
where
fˆA = fB1 ∂Bf
A
2 − f
B
2 ∂Bf
A
1 . (7.2b)
We take now into account the generators of supertranslations. It is clear from (6.9)
that these are
ξT = α∂u.
where α is an arbitrary function of θ and φ. It follows that the Lie bracket of two
generators, ξT1 and ξT2 vanish, i.e.
[ξT1 , ξT2 ] = 0, (7.3)
that is just a restatement that the supertranslation group is Abelian. The only
thing left to do is to calculate the Lie bracket of ξR and ξT . It is easy to see that
[ξR, ξT ] = [f
A∂A +
u
2
DBf
B∂u, α∂u] = ξTˆ = αˆ∂u, (7.4a)
where
αˆ = fA∂Aα−
α
2
DBf
B. (7.4b)
If we consider now ξ as defined in (3.17) it turns out that ξ = ξR + ξT . From the
above discussions one obtains that
[ξ1, ξ2] = [ξR1 , ξR2 ] + [ξR1 , ξT2 ] + [ξT1 , ξR2 ]
= fˆA∂A +
u
2
DAfˆ
A∂u + (αˆ2 − αˆ1)∂u, (7.5)
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with
αˆ2 = f
A
1 ∂Aα2 −
α2
2
DBf
B
1 , αˆ1 = f
A
2 ∂Aα1 −
α1
2
DBf
B
2 .
To sum up, the Lie algebra of the BMS group, bms4, is
[ξR1 , ξR2 ] = ξRˆ, with fˆ
A = fB1 ∂Bf
A
2 − f
B
2 ∂Bf
A
1 ;
[ξT1 , ξT2 ] = 0;
[ξR, ξT ] = ξTˆ , with αˆ = f
A∂Aα−
α
2
DBf
B.
Since, as shown in the previous section, the BMS group is a semi-direct product,
it follows that the BMS Lie algebra, bms4, should be taken to be the semi-direct
sum of the Lie algebra of conformal Killing vectors X = fA∂A of the Riemann
sphere, denoted by so(3, 1) (since it can be taken to be the algebra of L ) with
that of the functions α(xA) on the Riemann sphere, which we denote by S , the
supertranslation group being Abelian. Given an element X = fA∂A ∈ so(3, 1)
(fA being a generator of conformal transformations in (3.16)) we know that the
exponential map associated to it, eX , is an element of L . Then consider the 1-
parameter group of transformations in S defined as
σetX (α) = αe
tX , (7.6)
where σ is that of (6.14). Consider the map
Σ : fA∂A ∈ so(3, 1) −→ ΣfA∂A ∈ EndS ,
such that
ΣfA∂A : α ∈ S −→ ΣfA∂A(α) =
d
dt
(σ
etf
A∂A
(α))
∣∣
t=0
∈ S .
Note that ΣfA∂A(α) is the infinitesimal generator of (7.6). Hence [44] we have
bms4 = so(3, 1)⊕Σ S . (7.7)
The Lie algebra bms4 is determined by three arbitrary functions f
A and α on the
circle. Thus, defining X = fA∂A and labelling elements of (7.7) as pairs (X,α), we
know that the Lie bracket in so(3, 1)⊕Σ S are
[(X1, α1), (X2, α2)] = ([X1, X2],ΣfA1 ∂A(α2)− ΣfB2 ∂B (α1)). (7.8)
Equation (7.8) follows from the fact that S is Abelian, otherwise there would be
an extra term involving the commutator of the two elements α1 and α2. Since we
have, using (6.14) and (3.18d)
ΣfA∂A(α)(x
B) =
d
dt
(K−1
etf
A∂A
α(etf
C∂CxB))
∣∣∣
t=0
=
d
dt
(e−
1
2 tDAf
A
α(etf
C∂CxB))
∣∣∣
t=0
= −
α
2
DAf
A + fB∂Bα,
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then (7.8) may be written as
[(X1, α1), (X2, α2)] = (Xˆ, αˆ), (7.9a)
with
fˆA = fB1 ∂Bf
A
2 − f
B
2 ∂Bf
A
1 , αˆ = f
B
1 ∂Bα2 −
α2
2
DAf
A
1 − (1↔ 2), (7.9b)
as remarked in [24,45].
Remark 7.1.
Note that this result, obtained from the theory of semi-direct product of groups
and their Lie algebra, is in complete agreement with that obtained just by looking
at the generators, expressed in (7.5). Note also that fˆA of (7.9b) coincides with
that of (7.2b) and that αˆ = αˆ2 − αˆ1.
Depending on the space of functions under consideration, there are many options
which define what is actually meant by bms4. The approach that will be followed
in this work is originally due to [12] and successively amended by [46]. Another
approach, based on the Virasoro algebra, can be found in [24].
In general, we consider any S-dimensional Lie transformation group of a R-
dimensional space. Let the coordinates of the space be yα (α = 1, .., R) and the
parameters of the group be zµ (µ = 1, ..., S), where zµ = 0 is the identity of the
group. Then the transformations have the form
y′α = fα(yβ ; zµ), where fα(yβ ; 0) = yα.
The functions fα are assumed to be twice differentiable. The S generators of the
group are the vector fields given by
Pµ =
∂fα
∂zµ
∣∣∣∣
zµ=0
∂
∂yα
. (7.10)
Applying these ideas to the BMS group,with the Sachs notation [12], one finds for
the supertranslations, using the expansion (6.11):
Pl,m = Yl,m(θ, φ)
∂
∂u
, Pl,m = (−1)
mP¯l,−m,
and hence
[Pl,m, Pn,r] = 0,
i.e. two supertranslations commute.
To find the generators of conformal transformations we have to be careful. We know
that any conformal transformation has the form
ζ′ =
aζ + b
cζ + d
, ζ = eiφ cot
θ
2
.
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By direct calculations one obtains that the following equations hold for θ′, φ′ and
u′:
θ′ = 2 arctan
[(
|cζ + d|2
|aζ + b|2
)1/2]
, (7.11a)
φ′ = arctan
[
Im{(aζ + b)(c¯ζ¯ + d¯)}
Re{(aζ + b)(c¯ζ¯ + d¯)}
]
, (7.11b)
u′ =
1 + |ζ|2
|aζ + b|2 + |cζ + d|2
u. (7.11c)
On denoting by x the parameter of the transformation it is clear that a, b, c, d are
functions of x such that a(0) = d(0) = 1 and c(0) = b(0) = 0. We have to apply
(7.10) to (7.11). It is easy to verify that
dθ′
dx
∣∣∣∣
x=0
=
cos3 θ2
sin θ2
d
dx
[
|c|2|ζ|2 + |d|2 + cd¯ζ + c¯dζ¯
|a|2|ζ|2 + |b|2 + ab¯ζ + a¯bζ¯
]∣∣∣∣
x=0
,
dφ′
dx
∣∣∣∣
x=0
= cos2 φ
d
dx
[
Im{ac¯|ζ|2 + ad¯ζ + bc¯ζ¯ + bd¯}
Re{ac¯|ζ|2 + ad¯ζ + bc¯ζ¯ + bd¯}
]∣∣∣∣
x=0
,
du′
dx
∣∣∣∣
x=0
= sin2
θ
2
d
dx
[
(|a|2 + |c|2)|ζ|2 + (ab¯+ cd¯)ζ + (ba¯+ dc¯)ζ¯ + |b|2 + |d|2
]∣∣
x=0
u.
These equations hold in general for any conformal transformation. We choose now
to work with Lorentz transformations, and thus to use Lorentz generators Li and Ri
of rotations and boosts, respectively. To know the coefficients a, b, c, d corresponding
to a Lorentz transformation we need to use the isomorphism (6.6). Any rotation
of an angle ϕ about an axis nˆ and any boost of rapidity χ about an axis eˆ can be
performed by using a SL(2,C) matrix given by
Unˆ(ϕ) = e
i
2ϕnˆ·~σ = I cos
ϕ
2
+ inˆ · ~σ sin
ϕ
2
, (7.12a)
Heˆ(χ) = e
1
2χeˆ·~σ = I cosh
χ
2
+ eˆ · ~σ sinh
χ
2
, (7.12b)
respectively, where ~σ = (σx, σy, σz) are the Pauli matrices. The parameter x of the
two transformations is ϕ and χ, respectively. After some calculations we find that
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the vector fields that generate the transformations are
L23 = Lx = − sinφ
∂
∂θ
− cot θ cosφ
∂
∂φ
, (7.13)
L13 = Ly = − cosφ
∂
∂θ
+ cot θ sinφ
∂
∂φ
, (7.14)
L12 = Lz =
∂
∂φ
, (7.15)
L10 = Rx = cos θ cosφ
∂
∂θ
−
sinφ
sin θ
∂
∂φ
− u sin θ cosφ
∂
∂u
, (7.16)
L20 = Ry = − cos θ sinφ
∂
∂θ
−
cosφ
sin θ
∂
∂φ
+ u sin θ sinφ
∂
∂u
, (7.17)
L30 = Rz = − sin θ
∂
∂θ
− u cos θ
∂
∂u
. (7.18)
Note that rotations are characterized by K = 1. The {Pl,m} and {L
ab} form a
complete set of linearly independent vector fields for the Lie algebra bms4. We can
find now the commutators
[Lab, Lcd] = ηacLbd + ηbdLac − ηadLbc − ηbcLad,
[Li, Lj] = ǫijkLk, [Ri, Rj ] = −ǫijkLk, [Li, Rj ] = −ǫijkRk,
where ηab = diag(1,−1,−1,−1) and ǫijk is the Levi-Civita symbol. Note that we
have just obtained the classical Lorentz algebra. Furthermore, it is easy to derive
the following commutator:
[
Lab, α(θ, φ)
∂
∂u
]
=
[
Labα(θ, φ) − α(θ, φ)W (Lab)
] ∂
∂u
, (7.19)
where W (Lab) is defined by the relation
∂
∂u
(Labf) = Lab
∂f
∂u
+W (Lab)
∂f
∂u
,
for arbitrary f(u).
For convenience we introduce the raising and lowering operators,
L± = Ly ± iLx = −e
±iφ
(
∂
∂θ
± i cot θ
∂
∂φ
)
,
R± = Rx ∓ iRy = e
±iφ
(
cos θ
∂
∂θ
±
i
sin θ
∂
∂φ
− u sin θ
∂
∂u
)
,
in terms of which, using equation (7.19), we give the commutation relations with
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the generators of supertranslations:
[Lz, Pl,m] = imPl,m,
[L+, Pl,m] = −
√
(l −m)(l +m+ 1)Pl,m+1,
[L−, Pl,m] =
√
(l +m)(l −m+ 1)Pl,m−1,
[Rz, Pl,m] = −(l − 1)
√
(l +m+ 1)(l −m+ 2)
(2l+ 1)(2l + 3)
Pl+1,m
+ (l + 2)
√
(l +m)(l −m)
4l2 − 1
Pl−1,m,
[R+, Pl,m] = (l − 1)
√
(l +m+ 1)(l +m+ 2)
(2l+ 1)(2l + 3)
Pl+1,m+1
+ (l + 2)
√
(l −m− 1)(l −m)
4l2 − 1
Pl−1,m+1,
[R−, Pl,m] = −(l− 1)
√
(l −m+ 1)(l −m+ 2)
(2l + 1)(2l+ 3)
Pl+1,m−1
− (l + 2)
√
(l +m− 1)(l +m)
4l2 − 1
Pl−1,m−1.
The form of the commutation relations shows that the BMS algebra is the semi-
direct sum of the Lorentz algebra so(3, 1) with the infinite Lie algebra T , as re-
marked before.
8. Good and bad cuts
We begin this section by citing a remarkable result obtained by Sachs.
Theorem 8.1. [12]
The only 4-dimensional normal subgroup of the BMS group is the translation group.
Theorem 8.1 characterizes translations uniquely: the translation normal sub-
group of the BMS group is singled out by its group-theoretic properties. Since we
have shown that the translations T are the BMS transformations induced on I +
by translations in Minkowski space-time, theorem 8.1 makes it possible for us to
define the asymptotic translations of a general asymptotically flat space-time as the
BMS elements belonging to this normal subgroup. However a similar procedure for
L , i.e. rotations and boosts, fails. Thus, as we will discuss in this section, there are
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several problems in identifying the Poincare´ group as a subgroup of B.
The Poincare´ group is the symmetry group of flat space-time, hence it might have
been thought that a suitably asymptotically flat space-time should, in some appro-
priate sense, have the Poincare´ group as an asymptotic symmetry group. Instead,
it turns out that in general we seem only to obtain the BMS group (which has
the unpleasant feature of being an infinite-dimensional group) as the asymptotic
symmetry group of an asymptotically flat space-time.
To better understand the nature of this problem we revert to Minkowski space-time
and see how the Poincare´ group arises in that case as a subgroup of the BMS group.
The BMS group was defined as the group of transformations which conformally pre-
serves the induced metric on I + and the strong conformal geometry. However, the
BMS group is much larger than the Poincare´ group and thus the former must pre-
serve less structure on I + than does the latter. The preservation of this additional
structure, in the case of Minkowski space-time, should allow us to restrict the BMS
transformations to Poincare´ transformations, since we know that P in that case is
a subgroup of B.
In Minkowski space-time a null hypersurface is said to be a good cone if it is the
future light cone of some point, and a bad cone if its generators do not meet at
a point. Consequently we define a good cross-section, often called a good cut, a
cross-section of I + which is the intersection of a future light cone of some point
and the null hypersurface I +. A bad cut is, on the other hand, the intersection of
I + with some null hypersurface which does not come together cleanly at a single
vertex. The situation is represented in Figure 8.
Fig. 8. A good cross-section of I + for Minkowski space-time is one arising as the intersection of
I + with the future light cone of a point.
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Using Bondi-Sachs coordinates the Minkowski metric tensor takes the form
g = du⊗ du+ du⊗ dr + dr ⊗ du− r2(dθ ⊗ dθ + sin2 θdφ ⊗ dφ).
We see that each cut of I + given by u = t− r = const is a good cut, since it arises
from the future light cone of a point on the origin-axis r = 0. In particular, all the
good cuts can be obtained from the one given by u = 0 by means of a space-time
translation. Hence, as discussed in Sect.6 we obtain that every good cut can be
expressed in the form
u =
A+Bζ + B¯ζ¯ + Cζζ¯
1 + ζζ¯
=
(
A+ C
2
)
+
(
C −A
2
)
cos θ
+
(
B + B¯
2
)
sin θ cosφ+ i
(
B − B¯
2
)
sin θ sinφ, (8.1)
A,C being real and B being complex. Hence the equations describing good cuts
are given, generally, by setting u equal to a function of θ and φ which consists only
of zeroth- and first-order spherical harmonics.
The effect of a transformation of the connected component of the Lorentz group is
to leave invariant the particular good cut u = 0. Such a transformation is
ζ → ζ′ =
aζ + b
cζ + d
, (8.2a)
u→ u′ =
1 + ζζ¯
|aζ + b|2 + |cζ + d|2
u, (8.2b)
with a, b, c, d ∈ C such that ad − bc = 1. Note that transformations (8.2) preserve
the functional form of good cuts given in (8.1). In fact we have, applying (8.2), that
u′ =
(
A+Bζ + B¯ζ¯ + Cζζ¯
1 + ζζ¯
)
1 + ζζ¯
|aζ + b|2 + |cζ + d|2
,
where ζ and ζ¯ have now to be expressed as functions of ζ′ and ζ¯′. It is straightfor-
ward to show that
u′ =
A′ +B′ζ′ + B¯′ζ¯′ + C′ζ′ζ¯′
1 + ζ′ζ¯′
,
where
A′ = A|a|2 −Bba¯− B¯b¯a+ C|b|2,
B′ = Bda¯+ B¯b¯c−Aa¯c− Cdb¯,
C′ = A|c|2 −Bc¯d− B¯cd¯+ C|d|2.
For example, if we perform a boost in the z direction we have from (7.12) a =
eχ/2, d = e−χ/2, c = b = 0. Hence we get A′ = eχA,B′ = B,C′ = e−χC.
Now it is clear that the general BMS transformation which maps good cuts into
good cuts must obtain the particular good cut u = 0 from some other good cut. We
can therefore express the BMS transformation as the composition of a translation
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which maps this other good cut into u = 0, with a Lorentz transformation which
leaves u = 0 invariant. Thus, the BMS transformation is
ζ → ζ′ =
aζ + b
cζ + d
, (8.3a)
u→ u′ =
(
1 + ζζ¯
|aζ + b|2 + |cζ + d|2
)(
u+
A+Bζ + B¯ζ¯ + C
1 + ζζ¯
)
. (8.3b)
These BMS transformations form a 10-real-parameters group. This is exactly the
Poincare´ group of Minkowski space-time, being a composition of a Lorentz trans-
formation and a translation. We have obtained the following
Proposition 8.1.
The Poincare´ group P is the group of transformations which maps good cuts into
good cuts in Minkowski space-time.
However, there are many other subgroups of the BMS group which can be
expressed in the form (8.3) and which are therefore isomorphic with the Poincare´
group. In fact L is not a normal subgroup of the BMS group since for any b =
(Λ, α) ∈ B and for any Λ′ = (Λ′, 0) ∈ L the product bΛ′b−1 is not necessarily an
element of L , as can be easily verified, and hence L does not get canonically singled
out, occurring only as a factor group of B by the infinite-parameter Abelian group
of supertranslationsS . In particular, Lorentz transformations do not commute with
supertranslations and if we take any supertranslation s and consider the groupL ′ =
sL s−1 then it is a subgroup of the BMS group which is distinct from L but still
isomorphic, and thus equivalent, to it. Explicitly, having fixed a supertranslation
s = (I, α), a transformation of L ′ reads as
ζ → ζ′ =
aζ + b
cζ + d
, (8.4a)
u→ u′ =
(
1 + ζζ¯
|aζ + b|2 + |cζ + d|2
)
(u− α) + α. (8.4b)
If we start with the good cut described by the equation u = 0, which is left invariant
by L , and perform the supertranslation s, we obtain a new (bad) cut given by
u = α. This is the cut which is left invariant by (8.4) and hence by L ′. Hence L ′
maps bad cuts into bad cuts. It follows that if we conjugate the whole Poincare´
group P of (8.3) with respect to any supertranslation s which is not a translation
obtaining P ′ = sPs−1 we get a distinct subgroup of B, but isomorphic and
completely equivalent to P, which maps bad cuts into bad cuts. Of course, for a
general s, P ′ and P have only the translations T in common. There exist many
subgroups of B which are isomorphic with P and hence the Poincare´ group is not
a subgroup of the BMS group in a canonical way. However we have just seen that
in Minkowski space-time, if we require the group of transformations to preserve
the conformal nature of I + and the strong conformal geometry, together with the
property of mapping good cuts into good cuts, just one of the several copies of the
Poincare´ group gets singled out.
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Remark 8.1.
Note that, again, the situation is similar to what happens for L within P. In fact L
does not arise naturally as a subgroup of P, since if we form the groupL ′ = tL t−1,
where t is a translation, it is a different subgroup of P but isomorphic to L . We
can say, since the commutator of a Lorentz transformation and a translation is a
translation, that L , as a subgroup of P, depends on the choice of an arbitrary
origin in Minkowski space-time.
We turn now to the case when the space-time is asymptotically flat. The dif-
ficulty here is that there seems to be no suitable family of cuts that can properly
take over the role of Minkowskian good cuts. This means that, although the trans-
lation elements of B are canonically singled out, there is no canonical concept
of a ‘supertranslation-free’ Lorentz transformation. Hence the notion of a ‘pure
translation’ still makes sense, but that of ‘pure rotation’ or ‘pure boost’ does not.
However, as remarked by [47,48] it can be shown that the use of appropriate ‘post-
Minkowskian’ boundary conditions in the 3+1 makes it possible to get rid of the
supertranslations and to single out the asymptotic Poincare´ ADM group.
The most obvious generalization, for an asymptotically flat space-time, of the
Minkowskian definition of a good cut, i.e. the intersection of future light cone of
a point with I +, is totally inappropriate. One first reason is that there are many
perfectly reasonable asymptotically flat space-times in which no cuts of I + at all
would arise in this way, e.g. [34]. Even if we restrict attention only to asymptot-
ically flat space-times which do contain a reasonable number of good cuts of this
kind, we are not likely to obtain any of the BMS transformations (apart from the
identity) which maps this system of cuts into itself. The difficulty lies in the fact
that the detailed irregularities of the interior of the space-time would be reflected
in the definition of ‘goodness’ of a cut. In other words, the light-cone cuts are far
more complicated than those (8.1) of flat space.
However, there is a more satisfactory way to characterize good cuts of I +, based
on the shear of null hypersurfaces intersecting I +. Suppose now that the (physical)
space-time under consideration contains a null curve µ of a null geodesic congruence
C affinely parametrized by r˜. It can be shown [26] that the physical shear of the
null hypersurfaces generated by C has the following asymptotic behaviour for large
values of r˜:
σ˜ =
σ˜0
r˜2
+O(r˜−4),
where σ˜0 is called asymptotic shear. In the case of a flat space-time the vanishing
of the asymptotic shear implies the vanishing of the whole shear, but if we turn to
the case of asymptotically flat space-times that may contain matter, although the
leading term of the asymptotic behaviour of σ˜ does not change, the vanishing of σ˜0
does not imply the vanishing of σ˜ [49].
It can be shown [50] that if we consider the unphysical space-time obtained with
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conformal factor Ω = r˜−1, the shear transforms as
σ = Ω−2σ˜,
and hence
σ|
I+
= σ˜0.
In Minkowski space-time the good cones are characterized locally by the fact that
the null rays generating them possess no shear and it can be shown that the cuts of
I + which we defined earlier are precisely the ones arising from the intersection of
I + with null hypersurfaces characterized by σ˜0 = 0. Thus, a definition of ‘good-
ness’ is provided, for Minkowski space-time, which refers only to quantities defined
asymptotically.
We would like to extend this definition of good cut to asymptotically flat space-
times too. We could say that some cut is a good cut if its complex shear equals
zero (since on I + we have σ = σ˜0). We cannot, however, define good cones simply
by requiring σ˜0 = 0. In many cases it is not possible to arrange σ˜0 = 0 for all
values of θ and φ. But even in cases where it is possible we have another problem,
which is due to the presence of gravitational radiation. To make this point clear, we
cite now some important results regarding the relation between asymptotic shear
and gravitational radiation which are basically due to [10,11,33]. A first result is
that σ˜0 forms part of the initial data on u = 0 used to determine the space-time
asymptotically. Furthermore, it turns out that
∂σ˜0
∂u
= −N¯
where N is the Bondi news function and that the rate of energy-momentum loss
due to gravitational radiation through a hypersurface S which spans some two-
dimensional cross-section S of I + is
dP a
du
= −
1
4π
∫
W a|N |2dS, (8.5)
where
W 0 = 1, W 1 = sin θ cosφ, W 2 = sin θ sinφ, W 3 = cos θ.
Note that S is topologically a sphere S2 and can always be transformed, by the
introduction of a suitable conformal factor, into a metric sphere of unit radius.
Hence dS can be taken to be
dS = sin θdθdφ.
Thus, the squared modulus of N represents the flux of energy-momentum of the
outgoing gravitational radiation.
The time component of (8.5) gives the famous Bondi-Sachs mass-loss formula:
dm
B
du
= −
1
4π
∫
|N |2dS ≤ 0. (8.6)
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Fig. 9. The outgoing gravitational radiation through two hypersurfaces S and S ′ with associated
cross-sections S and S′ respectively.
An useful representation of the situation is furnished by Figure 9. The positivity of
the integrand in (8.6) shows that if a system emits gravitational waves, i.e. if there
is news, then its Bondi mass must decrease. If there is no news, i.e. N = 0, the
Bondi mass is constant. The reason we get a mass loss rather than a mass gain is
simply that all we have said has been applied to I + instead of I −.
From the above discussion it follows that, if the cut S is given by u = 0 and is
shear-free, the cross-sections u = const, which are translations of I +, will not be
shear-free in the presence of gravitational radiation. In other words, if σ˜0 = 0 for
one value of u, we will generally have σ˜0 6= 0 for a later value of u, i.e. ‘goodness’
would not be invariant under translation. However, a difficulty arises even more
serious than this. Since to specify a cut we just need to specify the value of u on
each generator of I +, the freedom in choosing a cut is one real number per point
of the cut. On the other hand the quantity σ˜0 is complex, its vanishing therefore,
representing two real numbers per point of the section. We briefly discuss, without
going into details [51] how to solve this problem. The first step is to define the
magnetic and the electric part of σ˜0:
σ˜0 = σ˜0e + σ˜
0
m
It can be shown that for each hypersurface u = const the splitting of σ˜0 into its
electric and magnetic part is invariant under BMS conformal transformation, i.e.
Lorentz transformations which leave the surface u = 0 invariant. Furthermore, in
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the Minkowski case, the asymptotic shear σ˜0 = σ˜0e + σ˜
0
m behaves, when u → −∞
as
σ˜0e(u, θ, φ) −−−−−→
u→−∞
Se(θ, φ), (8.7a)
σ˜0m(u, θ, φ) −−−−−→u→−∞
0, (8.7b)
with Se(θ, φ) purely electric and independent of u. The magnetic part σ˜
0
m(u, θ, φ),
as u→ −∞ vanishes, i.e. Sm(θ, φ) = 0.
On the basis of what happens in the Minkowski case we wish to impose a physical
restriction on the behaviour of σ˜0 as u → −∞ for a generic space-time. Although
no actual cuts of I + may be shear-free, it is reasonable to expect that in the limit
u → −∞ on I +, such cuts will exist. Requiring that this limiting shear-free cuts
be mapped into one another, we can actually restrict the BMS transformations to
obtain a canonically defined subgroup of the BMS group, which is isomorphic to
the Poincare´ group. The Poincare´ group which emerges in this way, by virtue of the
considerations we have developed on the gravitational radiation, may be thought of
as that which has relevance to the remote past, before all the gravitational radiation
has been emitted. In analogy with (8.7) we require that
σ˜0(u, θ, φ) −→ S(θ, φ). (8.8)
If the analogy with the Minkowski theory can be trusted, we would expect S(θ, φ)
to be purely electric. However, it is not essential since it will be possible to extract
the Poincare´ group only on the basis of (8.8). Hence we will treat the case in which
S(θ, φ) could have a magnetic part too, i.e. S(θ, φ) = Se(θ, φ) + Sm(θ, φ) with
Sm(θ, φ) 6= 0.
It can be shown [11] that, under a conformal BMS transformation, the asymptotic
shear transforms as
σ˜0′(u, θ, φ) = K−1
[
σ˜0(u, θ, φ) +
1
2
ð
2α(θ, φ)
]
, (8.9)
where ð is a differential operator, whose properties can be found in [52]. It has
to be remarked that σ˜0′(u, θ, φ) refers to the asymptotic shear of the hypersurface
u′ = const of the transformed coordinate system evaluated at (u, θ, φ). The complete
transformation σ˜0′(u′, θ′, φ′) is more complicated. Applying (8.8) to (8.9) gives
S′e(θ, φ) = K
−1
[
Se(θ, φ)−
1
2
ð
2α(θ, φ)
]
,
S′m(θ, φ) = K
−1Sm(θ, φ),
since α(θ, φ) is real and the magnetic part is imaginary. It is always possible to set
Se(θ, φ) = ð
2G(θ, φ),
for some realG(θ, φ). Since α(θ, φ) can be chosen arbitrarily on the sphere, it follows
that a BMS transformations for which α(θ, φ) = 2G(θ, φ) imposes S′e(θ, φ) = 0.
Thus, we have introduced coordinate conditions for which Se(θ, φ) = 0 at u = −∞.
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Now the BMS transformations which preserve the condition Se(θ, φ) = 0 are those
for which
ð
2α(θ, φ) = 0.
It can be easily shown that this condition restricts α(θ, φ) to be of the form (6.12)
and thus the allowed supertranslations are simply the translations. The Lorentz
transformations, given by α(θ, φ) = 0 do not spoil the coordinate conventions. We
have finally obtained the following:
Theorem 8.2.
The group of asymptotic isometries of an asymptotically flat space-time which pre-
serves the condition Se(θ, φ) = 0 at u = −∞ is isomorphic with the Poincare´ group
P.
Remark 8.2. We could have carried out the same arguments by taking the limit
u → +∞, and it would have been an independent choice. Thus, in a similar way,
we could have extracted another Poincare´ group which has relevance to the remote
future, i.e. after all the gravitational radiation has been emitted. There seems to
be no reason to believe that these two Poincare´ groups will be the same, in general.
9. BMS transformations and gravitational scattering
The ground is now ready for considering a very recent application of BMS transfor-
mations, i.e. the discovery by Strominger [19] that there exist BMS transformations
acting non-trivially on outgoing gravitational scattering data while preserving the
intrinsic structure at future null infinity. His analysis begins with the local expres-
sion of a generic Lorentzian metric in retarded Bondi coordinates, that we know
from Sect. 2, and in particular with the asymptotic expansion of the metric about
future null infinity (where r =∞), reading as (cf. (2.10))
g = du ⊗ du+ (du⊗ dr + dr ⊗ du)− r2γzz¯(dz ⊗ dz¯ + dz¯ ⊗ dz)
− 2
m+B
r
du⊗ du− rCzzdz ⊗ dz − rCz¯z¯dz¯ ⊗ dz¯
+ Uz(dz ⊗ dz¯ + dz¯ ⊗ dz) + Uz¯(du⊗ dz¯ + dz¯ ⊗ du) + ..., (9.1)
where
γzz¯ ≡
2
(1 + zz¯)
, Uz ≡ −
1
2
DzCzz, (9.2)
Dz denoting covariant differentiation with respect to the 2-sphere metric γzz¯. The
vector fields that generate BMS transformations are of two types: there are 6 with
an asymptotic SL(2,C) Lie bracket algebra, and an infinite number of commuting
supertranslations. Global SL(2,C) conformal transformations are generated on I +
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by the real part of the complex vector fields (cf. Sect. 7)
(+)ζa∂a =
(
1−
u
2r
)
(+)ζz∂z −
(
1 +
u
r
) Dz(+)ζzr
2
∂r
−
u
2r
γzz¯D2z
(+)ζz∂z¯ +
u
2
Dz
(+)ζz∂u +O(r
−2), (9.3)
where (+)ζz = (1, z, z2, i, iz, iz2) [19]. The action of the Lie derivative operator
yields [19]
L(+)ζCzz =
(+)ζz∂zCzz + 2∂z
(+)ζzCzz +
Dz
(+)ζz
2
(u∂u − 1)Czz, (9.4)
L(+) ζ¯Czz =
(+)ζ¯
z¯
∂z¯Czz +
Dz¯
(+)ζ¯
z¯
2
(u∂u − 1)Czz, (9.5)
L(+)ζm
+
B =
(
(+)ζz∂z +
u
2
Dz
(+)ζz∂u +
3
2
Dz
(+)ζz
)
m+B
+
u
2
∂u(Uz
(+)ζz − UzD2z
(+)ζz). (9.6)
The SL(2,C) transformations on I − are generated by the complex vector fields
(cf. (9.3) and replace u by −v therein)
(−)ζa∂a =
(
1 +
v
2r
)
(−)ζz∂z −
(
1−
v
r
) Dz(−)ζzr
2
∂r
+
v
2r
γzz¯D2z
(−)ζz∂z¯ +
v
2
Dz
(−)ζz∂v +O(r
−2), (9.7)
and the associated Lie derivative acts according to
L(−)ζDzz =
(−)ζz∂zDzz + 2∂z
(−)ζzDzz +
Dz
(−)ζz
2
(v∂v − 1)Dzz, (9.8)
L(−) ζ¯Dzz =
(−)ζ¯
z¯
∂z¯Dzz +
Dz¯
(−)ζ¯
z¯
2
(v∂v − 1)Dzz, (9.9)
L(−)ζm
−
B =
(
(−)ζz∂z +
v
2
Dz
(−)ζz∂v +
3
2
Dz
(−)ζz
)
m−B
−
v
2
∂v(Vz
(−)ζz − V zD2z
(−)ζz). (9.10)
The supertranslations on I + are generated by the vector fields
(+)f∂u −
1
r
(
Dz¯(+)f∂z¯ +D
z(+)f∂z
)
+DzDz
(+)f∂r,
(+)f = (+)f(z, z¯), (9.11)
and one finds the Lie derivatives
L(+)fCzz =
(+)f∂uCzz − 2D
2
z
(+)f, (9.12)
L(+)fUz =
(+)f∂uUz −
1
2
Dz(+)f∂uCzz +D
zD2z
(+)f. (9.13)
Supertranslations on past null infinity I − are also of interest, and are generated
by the vector fields
(−)f∂v +
1
r
(
Dz¯(−)f∂z¯ +D
z(−)f∂z
)
−DzDz
(−)f∂r, (9.14)
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the Lie derivatives along which read as [19]
L(−)fDzz =
(−)f∂vDzz + 2D
2
z
(−)f, (9.15)
L(−)fVz =
(−)f∂uVz +
1
2
Dz(−)f∂uDzz +D
zD2z
(−)f. (9.16)
We are now going to outline the connection between BMS transformations on I +
and I −, denoted by BMS+ and BMS−, respectively.
9.1. The Christodoulou-Klainerman space-times
After the singularity theorems of Penrose, Hawking and Geroch [53,54,55,56,57,
58,59,60,61,62,63], it was thought for a long time that singularities are a generic
property of general relativity, if the energy-momentum tensor obeys suitable con-
ditions. However, an outstanding piece of work of Christodoulou and Klainerman
[64] proved that there exist asymptotically flat space-times that are geodesically
complete and hence singularity-free in classical theory.
Christodoulou and Klainerman studied asymptotically flat initial data in the
center-of-mass frame on a maximal spacelike slice for which the Bach tensor
εijk (3)Dj
(3)Gkl
of the induced 3-metric decays at least as r−
7
2 at spatial infinity, while the extrinsic
curvature decays like r−
5
2 . This implies in particular that, in normal coordinates
about infinity, the leading part of the 3-metric takes the Schwarzschild form, while
the correction decays like r−
3
2 . Remarkably, all such initial data, when supplemented
by a global smallness condition, give rise to a geodesically complete solution of the
Einstein equations. Since such a smallness condition holds in a finite neighbourhood
of Minkowski space-time, the result obtained is said to be the global non-linear
stability of Minkowski space-time [64].
As we know from Sect. 8, the gravitational radiation flux is proportional to the
square of the Bondi news Nzz which, for any finite energy data, vanishes on the
boundaries ∂+I
+ and ∂−I
+ of future null infinity, i.e.
Nzz|∂±I + = 0. (9.17)
For Christodoulou-Klainerman space-times the falloff property for u→ ±∞ is
Nzz(u) ∼ |u|
− 32 , (9.18)
or even faster than this. With the coordinates used in (9.1), the Weyl curvature
component Ψ02 reads as
Ψ02(u, z, z¯) = − limr→∞
(
rCuzrz¯ γ
zz¯
)
= −m+B +
1
4
CzzNzz −
1
2
γzz¯
(
∂z¯Uz − ∂zUz¯
)
. (9.19)
For center-of-mass Christodoulou-Klainerman spaces at r =∞, u =∞ one finds
Ψ02
∣∣
∂+I +
= 0, (9.20)
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while at r =∞, u = −∞
Ψ02
∣∣
∂−I +
= −M, (9.21)
the ratio MG being the Arnowitt-Deser-Misner mass. The real part of these formulae,
jointly with (9.17), imply for the mass aspect the following boundary conditions:
m+B
∣∣
∂+I +
= 0, (9.22)
m+B
∣∣
∂−I +
=M. (9.23)
From the imaginary part of (9.19) one obtains[
∂z¯Uz − ∂zUz¯
]
∂±I +
= 0. (9.24)
A similar procedure on past null infinity yields the boundary conditions
m−B
∣∣
∂−I −
=
[
∂z¯Vz − ∂zVz¯
]
∂±I −
= ∂vDzz|∂±I − = 0, (9.25)
and
m−B
∣∣
∂+I −
=M. (9.26)
The falloff of the Bondi news, here denoted by Mzz, is
Mzz ≡ ∂vDzz ∼ |v|
− 32 , (9.27)
or even faster.
Note that, while it seems reasonable that the total integrated mass should de-
cay to zero at the future boundary of future null infinity for a sufficiently weak
gravitational disturbance, it is not a priori clear that the unintegrated mass aspect
function mB should itself approach 0. Furthermore, the news tensor might decay
more slowly near the future and past boundaries of null infinity and still provides a
finite value for the total energy flux [19]. Strominger has also considered the possi-
ble coupling to any kind of massless matter that dissipates at late times on I + or
early times on I −. He imposes the boundary conditions (9.20)-(9.26) as restriction
on the desired solutions of Einstein’s equations.
9.2. Link among future and past null infinity near spacelike
infinity
The future null infinity data m+B and Czz are related by the constraint [19]
∂um
+
B = −
1
2
∂u
[
DzUz +D
z¯Uz¯
]
− Tuu, (9.28)
where Tuu is the total outgoing radiation energy flux for gravity plus matter at
future null infinity, whose explicit form is [19]
Tuu =
1
4
NzzN
zz + 4πG lim
r→∞
[
r2TMuu
]
. (9.29)
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A classical gravitational scattering problem consists of a set of final data on
future null infinity which evolve from some initial data on past null infinity. On
going from a Cristodoulou-Klainerman space-time to these data one encounters a
physical ambiguity under BMS+ × BMS− transformations. In particular one has
to evaluate, once the Bondi news and matter radiation flux are given, the leading
terms mB and Czz of the metric in the coordinates used in (9.1) everywhere on
future null infinity. In order to achieve this one integrates equation (9.28) and the
equation
∂uCzz = Nzz (9.30)
along a null generator of future null infinity, but initial conditions at the past
boundary of I + are required. For Christodoulou-Klainerman space-times one has
indeed the initial condition (9.23). Under a SL(2,C) transformation on future null
infinity, which forces us to abandon the center-of-mass frame, the restriction of mB
to ∂−I
+ transforms according to [19]
L(+)ζ m
+
B
∣∣
∂−I +
=
(
(+)ζz∂z +
3
2
Dz
(+)ζz
)
m+B
∣∣
∂−I +
, (9.31)
and hence is no longer constant.
As far as the initial value of Czz is concerned, this may be any solution of
equation (9.24), which can be re-expressed in the form[
D2z¯Czz −D
2
zCz¯z¯
]
∂−I +
= 0. (9.32)
If C denotes some real-valued function, the general integral of equation (9.32) reads
as
Czz(−∞, z, z¯) = D
2
zC. (9.33)
This implies that
Uz = −
1
2
∂z(C +DzD
zC). (9.34)
By proceeding along similar lines on past null infinity, the mass aspect m−B is
determined by the constraint [19]
∂vm
−
B =
1
2
∂v
[
DzVz +D
z¯Vz¯
]
+ Tvv, (9.35)
where Tvv denotes the total incoming radiation flux at past null infinity. This can
be solved by imposing data at ∂+I
− and integrating until ∂−I
− is reached. One
can assume the boundary condition (9.26). The mass aspect has the transformation
property
L(−)ζm
−
B
∣∣
∂+I −
=
(
(−)ζz∂z +
3
2
Dz
(−)ζz
)
m−B
∣∣
∂+I −
. (9.36)
Moreover, for some real-valued function F , one can take
Dzz(−∞, z, z¯) = D
2
zF. (9.37)
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The next task is to relate the initial data at ∂+I
− to those at ∂−I
+. For this
purpose, one has first to relate the points on ∂+I
− to the points on ∂−I
+. The
desired relation derives from the conformal infinity picture in which spacelike infin-
ity is a point and future (resp. past) null infinity is its future (resp. past) lightcone.
Null generators of null infinity then go from past null infinity to future null infinity
through spacelike infinity. These generators provide the necessary identification: all
points on the same generator are labeled by the same coordinate (z, z¯).
The ordinary Lorentz transformations of Minkowski space-time are generated
by vector fields of the form (9.3) and (9.7), restricted by the condition
(+)ζz = (−)ζz. (9.38)
This condition is defined only after having identified points on ∂+I
− and ∂−I
+.
Such Lorentz transformations preserve the condition
m+B
∣∣
∂−I +
(z, z¯) = m+B
∣∣
∂+I −
(z, z¯), (9.39)
despite the fact that both mass aspects change under boosts.
Furthermore, one has to relate the initial data for Czz at ∂−I
+ to those for
Dzz at ∂+I
− in a way compatible with (9.38). This is obtained by imposing
Dzz(∞, z, z¯) = −Czz(−∞, z, z¯). (9.40)
The equations for Uz (see (9.2)) and Vz then imply
Vz|∂+I − = Uz|∂−I + . (9.41)
This simple but non-trivial condition unifies the separate BMS symmetries on future
and past null infinity into a single one acting on both parts of null infinity, so that
(−)f(z, z¯) = (+)f(z, z¯). (9.42)
If (+)f and (−)f , besides being equal, are constant, it means we deal with global
time translations. The three constant spatial translations are given by the formula
f =
(1− zz¯)
(1 + zz¯)
. (9.43)
Generators that obey (9.38) and (9.42) are the diagonal generators of BMS+ ×
BMS−. Strominger has stressed [19] that the possibility of linking data on future and
past null infinity depends crucially on the property of Christodoulou-Klainerman
space-times, and such a link is not always possible for more general types of asymp-
totically flat space-times. For example, if the news tensor obeys the 1|u| fall off, Czz
diverges logarithmically, and the boundary condition (9.40) cannot be imposed.
9.3. Symmetries of classical scattering
To sum up, one starts from a Christodoulou-Klainerman space-time in the center-
of-mass frame, jointly with conformally invariant radiative data Nzz and Mzz on
null infinity. In order to be able to regard this as a scattering solution, one has to
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construct both the initial data on past null infinity and the final data on future
null infinity. For this purpose, one assumes that (9.39) is fulfilled with a boundary
value M , while
Czz |∂−I + (z, z¯) = Dzz |∂+I − (z, z¯) = 0, (9.44)
and one performs integration of the constraint equations on future and past null
infinity away from spacelike infinity. Hence one obtains final data (Czz ,m
+
B) that
solve the scattering problem in correspondence to the initial data (Dzz ,m
−
B).
Strominger has also stressed that, for every Christodoulou-Klainerman space,
one can generate an infinite-parameter family of solutions to the scattering problem.
Some of these differ by Poincare´ transformations, while others differ by supertrans-
lations.
10. Recent developments and concluding remarks
The latest applications of all concepts and properties described so far have to do
with black-hole physics in quantum gravity. Indeed, supertranslations transform the
Minkowski vacuum into a physically inequivalent zero-energy vacuum. This means
that the vacuum is not invariant, and hence supertranslation symmetry is sponta-
neously broken. But if the quantum gravity vacuum is not unique, it becomes con-
ceivable that the final vacuum state might get correlated with the thermal Hawking
radiation in such a way that no loss of unitarity ever occurs [20].
Moreover, Bondi-Metzner-Sachs transformations are diffeomorphisms that
change the physical state (e.g. a supertranslation maps a stationary black hole
to a physically inequivalent one). During black hole evaporation, supertranslation
charge is radiated through null infinity, and since this charge is conserved, the sum
of the black hole and radiated supertranslation charge is fixed at all times. This
implies that black holes carry soft hair (i.e. additional data, besides mass, charge
and angular momentum), and if the black hole evaporates completely, the net su-
pertranslation charge in the outgoing radiation must be conserved. This leads in
turn to correlations between the early- and late-time Hawking radiation [20].
In subsequent work [21], the same authors have proved that black hole space-
times in classical general relativity are characterized by an infinite head of super-
translation hair, in addition to Arnowitt-Deser-Misner mass M , linear momentum
~P , angular momentum ~J and boost charge ~K. Classical superrotation charges mea-
sured at infinity lead to distinct black holes. Solutions with supertranslation hair are
diffeomorphic to Schwarzschild spacetime, and a black hole can be supertranslated
by throwing in an asymmetric shock wave [21].
Some interesting recent work inspired by Refs. [19,20,21] is the one by Asorey
and coauthors in Ref. [65]. These authors study infrared transformations in local
quantum physics. Their observables are smeared by test functions, at first vanishing
at infinity. They prove that the equations of motion can be seen as constraints, that
generate the group of space- and time-dependent gauge transformations. Infrared
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non-trivial effects are then obtained by allowing for test functions that do not
vanish at infinity. The resulting extended operators generate a larger group, and
the quotient of the two groups gives rise to the so-called superselection sectors, that
distinguish among the various infrared sectors. The BMS group plays the role of
changing the superselection sector.
As far as black hole theory is concerned, we find it worth bringing to the at-
tention of the reader the work in Ref. [66], where the authors have provided a
derivation and an observable realization of the algebra imposed by Strominger on
unobservable boundary degrees of freedom. The conservation laws associated with
asymptotic symmetries are found to arise from free propagation of infrared modes.
In their opinion, this adds evidence in favour of soft charges failing to constrain the
hard scattering problem, and hence not being relevant for the so-called black hole
information paradox.
On reverting now to classical theory, we stress again the new perspective re-
sulting from the work in Refs. [19,21]: the very existence of a scattering problem
from past to future null infinity in general relativity makes it necessary to consider
an infinite number of conserved supertranslation and superrotation charges. This
property was not discovered for several decades, possibly because many research
lines focused on space-times where the peeling property and the Penrose conformal
infinity can be exploited. Thanks to the work of Christodoulou and Klainerman
[64], it is by now well known that generic space-times in a finite neighbourhood
of Minkowski lie precisely in the region where it is possible to define an infinite
number of finite, non-vanishing and conserved supertranslation and superrotation
charges. The work in Ref. [21] has studied a family of space-times whose asymptotic
forms lie in the same region and possess the conserved charges, although they are
not necessarily in a small neighbourhood of Minkowski and may well contain black
holes in the interior. Further work on the rigorous theory of supertranslation and
superrotation charges is likely to shed new light on the mathematical structures of
space-time [67] and their physical implications.
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Appendix A. Christoffel Symbols
The metric tensor in (2.4) is
gab =


V
r e
2β − r2hABU
AUB e2β r2h2BU
B r2h3BU
B
e2β 0 0 0
r2h2AU
A 0 −r2h22 −r
2h23
r2h3AU
A 0 −r2h32 −r
2h33

 ,
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and its inverse is
gab =


0 e−2β 0 0
e−2β −Vr e
−2β U2e−2β U3e−2β
0 U2e−2β −h22r2 −
h23
r2
0 U3e−2β −h32r2 −
h33
r2

 ,
while the inverse of the matrix hAB in (2.7) is
hAB =


e−2γ cosh 2δ −
sinh 2δ
sin θ
−
sinh 2δ
sin θ
e2γ cosh 2δ
sin2 θ

 .
It can be easily verified that
hAB∂rhAB = h
AB∂uhAB = 0.
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The Christoffel symbols are
Γurr = 0,
Γrrr = 2∂rβ,
ΓArr = 0,
ΓurA = 0,
ΓrrA =
e−2βr2
2
hAB
(
∂rU
B
)
+ ∂Aβ,
ΓBrA =
δBA
r
+
(∂rhAC) h
BC
2
,
ΓuAB = e
−2βrhAB +
e−2βr2
2
(∂rhAB) ,
ΓrAB =
e−2βr2
2
(∂AUB + ∂BUA) +
e−2βr2
2
(∂uhAB)− V e
−2βhAB
−
rV e−2β
2
(∂rhAB)− U
C e
−2βr2
2
(∂AhCB + ∂BhAC − ∂ChAB) ,
ΓCAB = rU
ChABe
−2β +
r2e−2β
2
UC (∂rhAB)
+
hCD
2
(∂AhDB + ∂BhDA − ∂DhAB) ,
ΓuAu = ∂Aβ − re
−2βUA −
r2e−2β
2
(∂rUA) ,
ΓrAu =
∂AV
2r
−
r2e−2β
2
UB (∂AUB) + e
−2βV UA +
V re−2β
2
(∂rUA)
−
r2e−2β
2
UB (∂uhAB)−
r2e−2β
2
UB (∂BUA) ,
ΓBAu = U
B (∂Aβ)− re
−2βUB (∂rUA)−
r2e−2β
2
UB (∂rUA)−
hBC
2
(∂AUC)
+
hBC
2
(∂CUA) +
hBC
2
(∂uhAC) ,
Γuru = re
−2βUAUA +
r2e−2β
2
UA (∂rUA)− U
A (∂Aβ) ,
Γrru =
∂rV
2r
−
V
2r2
+
V
r
(∂rβ)−
r2e−2β
2
UA (∂rUA)− U
A (∂Aβ) ,
ΓAru = −
UA
r
−
hAB
2
(∂rUB) +
hAB
r2
(∂Bβ) .
References
[1] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Herlt, Exact So-
lutions of Einstein’s Field Equations, second edition (Cambridge University Press,
Cambridge, 2009).
January 24, 2019 1:29 WSPC/INSTRUCTION FILE
On˙the˙structure˙and˙applications˙of˙the˙Bondi˙Mentzner˙Sachs˙Group
60 F. Alessio, G. Esposito
[2] G. Sparano, G. Vilasi and A. M. Vinogradov, Vacuum Einstein metrics with two-
dimensional Killing leaves. I. Local aspects, J. Diff. Geom. Appl. 16 (2002) 95.
[3] G. Sparano, G. Vilasi and A. M. Vinogradov, Vacuum Einstein metrics with two-
dimensional Killing leaves. II. Global aspects, J. Diff. Geom. Appl. 17 (2002) 15.
[4] M. Carmeli, Group Theory and General Relativity. Representations of the Lorentz
Group and Their Applications to the Gravitational Field (World Scientific, Singapore,
2000).
[5] R. Penrose, The light cone at infinity, in Relativistic Theories of Gravitation, eds. L.
Infeld (Pergamon Press, Oxford, 1962).
[6] R. Penrose, Asymptotic properties of fields and space-time, Phys. Rev. Lett. 10 (1963)
66.
[7] R. Penrose, Conformal treatment of infinity, in Relativity, Groups and Topology, eds.
C. DeWitt and B. S. DeWitt (Gordon and Breach, New York, 1964).
[8] R. Penrose, Zero rest-mass fields including gravitation: asymptotyic behaviour, Proc.
Roy. Soc. Lond. A 284 (1965) 159.
[9] R. Penrose, Structure of space-time, in Battelle Rencontres, eds. C. DeWitt and J.
A. Wheeler (Benjamin, New York, 1967).
[10] H. Bondi, M. G. J. Van der Burg and A. W. K. Metzner, Gravitational waves in
general relativity. VII. Waves from axi-symmetric isolated systems, Proc. Roy. Soc.
Lond. A 269 (1962) 21.
[11] R. K. Sachs, Gravitational waves in general relativity. VIII. Waves in asymptotically
flat space-time, Proc. Roy. Soc. Lond. A 270 (1962) 103.
[12] R. K. Sachs, Asymptotic symmetries in gravitational theory, Phys. Rev. 128 (1962)
2851.
[13] P. J. McCarthy, Representations of the Bondi-Metzner-Sachs group I. Determination
of the representations, Proc. R. Soc. Lond. A 330 (1972) 517.
[14] P. J. McCarthy, Structure of the Bondi-Metzner-Sachs group, J. Math. Phys. 13
(1972) 1837.
[15] P. J. McCarthy, Representations of the Bondi-Metzner-Sachs group II. Properties
and classification of representations, Proc. Roy. Soc. Lond. A 333 (1973) 317.
[16] P. J. McCarthy and M. Crampin, Representations of the Bondi-Metzner-Sachs group
III. Poincare´ spin multiplicities and irreducibility, Proc. Roy. Soc. Lond. A 335 (1973)
301.
[17] P. J. McCarthy and M. Crampin, Representations of the Bondi-Metzner-Sachs group
IV. Cantoni representations are induced, Proc. Roy. Soc. Lond. A 351 (1976) 55.
[18] E. Majorana, Teoria relativistica di particelle con momento intrinseco arbitrario,
Nuovo Cim. 9 (1932) 335.
[19] A. Strominger, On BMS invariance of gravitational scattering, JHEP 07 (2014) 152.
[20] S. W. Hawking, M. J. Perry and A. Strominger, Soft hair on black holes, Phys. Rev.
Lett. 116 (2016) 231301.
[21] S. W. Hawking, M. J. Perry and A. Strominger, Superrotation charge and super-
translation hair on black holes, JHEP 05 (2017) 161.
[22] T. Ma¨dler and J. Winicour, The Bondi-Sachs Formalism, Scholarpedia,
arXiv:1609.01731v2 (2106).
[23] S. J. Haco, S. W. Hawking, M. J. Perry and J. L. Bourjaily, The conformal BMS
group, arXiv:1701.08110v1 (2017).
[24] G. Barnich and C. Troessaert, Symmetries of asymptotically flat four-dimensional
spacetimes at null infinity revisited, Phys. Rev. Lett. 105 (2010) 111103.
[25] S. Lang, Introduction to Differentiable Manifolds (Springer, New York, 1991).
[26] R. Penrose and W. Rindler, Spinors and Space-Time. Spinors and Twistor Methods
January 24, 2019 1:29 WSPC/INSTRUCTION FILE
On˙the˙structure˙and˙applications˙of˙the˙Bondi˙Mentzner˙Sachs˙Group
The Bondi-Mentzner-Sachs Group 61
in Space-Time Geometry (Cambridge Univeristy Press, Cambridge, 1984).
[27] J. A. Wheeler and T. Regge, Stability of a Schwarzschild singularity, Phys. Rev. 108
(1957) 1063.
[28] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time (Cam-
bridge University Press, Cambridge, 1973).
[29] J. Stewart, Advanced General Relativity (Cambridge Univeristy Press, Cambridge,
1991).
[30] R. P. A. C. Newman, The global structure of simple space-times, Commun. Math.
Phys. 123 (1989) 17.
[31] R. P. Geroch, Space-time structure from a global point of view, in General Relativity
and Cosmology, eds. R. K. Sachs (Academic Press, New York, 1971).
[32] E. T. Newman and R. Penrose, An approach to gravitational radiation by a method
of spin coefficients, J. Math. Phys. 3 (1962) 566.
[33] E. T. Newman and T. W. J. Unti, Behaviour of asymptotically flat empty spaces, J.
Math. Phys. 3 (1962) 891.
[34] R. Penrose, Relativistic symmetry groups, in Group Theory in Non-Linear Problems,
eds. A. O. Barut (D. Reidel Publishing Company, Dordrecht, 1972).
[35] H. Poincare´, Fonctions modulaires et fonctions fuchsiennes, Ann. Fac. Sciences
Toulouse. Ser. 3 3 (1912) 125.
[36] R. Penrose, Some unsolved problems in classical general relativity, in Seminar on
Differential Geometry, eds. Y. Shing-Tung (Princeton University Press, 1982).
[37] B. Schmidt, M. Walker and P. Sommers, A characterization of the Bondi-Metzner-
Sachs group, Gen. Rel. Gravit. 6 (1975) 489.
[38] G. Barnich and C. Troessaert, Supertranslations call for superrotations,
arXiv:1102.4632v2 (2012).
[39] B. Oblak, From the Lorentz group to the celestial sphere, arXiv:1508.00920v2 (2016).
[40] M. Curzio, P. Longobardi and M. Maj, Lezioni di Algebra (Liguori Editore, Napoli,
2014).
[41] L. J. Colombo and H. O. Jacobs, Lagrangian mechanics on centered semi-direct
products, arXiv:1303.3883v2 (2014).
[42] V. Cantoni, A class of representations of the generalized Bondi-Metzner group, J.
Math. Phys. 7 (1966) 1361.
[43] R. P. Geroch and E. T. Newman, Application of the semidirect product of groups,
J. Math. Phys. 12 (1970) 314.
[44] B. Oblak, BMS particles in three dimensions, arXiv:1610.08526v1 (2016).
[45] G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence,
arXiv:1001.1541v2 (2010).
[46] I. E. Antoniou and B. Misra, Characterization of semidirect sum Lie algebras, J.
Math. Phys. 32 (1991) 864.
[47] L. Lusanna, Canonical ADM tetrad gravity: From metrological inertial gauge vari-
ables to dynamical tidal Dirac observables, Int. J. Geom. Meth. Mod. Phys. 12 (2015)
1530001.
[48] L. Lusanna, The rest-frame instant form of metric gravity, Gen. Relativ. Gravit. 33
(2001) 1579.
[49] T. M. Adamo, E. T. Newman and C. Kozameh, Null geodesic congruences,
asymptotically-flat spacetimes and their physical interpretation, arXiv:0906.2155v3
(2012).
[50] M. Ludvigsen, General Relativity: a Geometric Approach (Cambridge Univeristy
Press, Cambridge, 2004).
[51] E. T. Newman and R. Penrose, Note on the Bondi-Metzner-Sachs group, J. Math.
January 24, 2019 1:29 WSPC/INSTRUCTION FILE
On˙the˙structure˙and˙applications˙of˙the˙Bondi˙Mentzner˙Sachs˙Group
62 F. Alessio, G. Esposito
Phys. 7 (1966) 863.
[52] J. N. Goldberg, A. J. Macfarlane, E. T. Newman, F. Rohrlich and E. C. G. Sudarshan,
Spin-s spherical harmonics and ð, J. Math. Phys. 8 (1967) 2155.
[53] R. Penrose, Gravitational collapse and space-time singularities, Phys. Rev. Lett. 14
(1965) 57.
[54] S. W. Hawking, Occurrence of singularities in open universes, Phys. Rev. Lett. 15
(1965) 689.
[55] S. W. Hawking and G. F. R. Ellis, Singularities in homogeneous world models, Phys.
Lett. 17 (1965) 246.
[56] R. P. Geroch, Singularities in closed universes, Phys. Rev. Lett. 17 (1966) 445.
[57] S. W. Hawking, The occurrence of singularities in cosmology, Proc. Roy. Soc. Lond.
A 294 (1966) 511.
[58] S. W. Hawking, The occurrence of singularities in cosmology. II, Proc. Roy. Soc.
Lond. A 295 (1966) 490.
[59] S. W. Hawking, Singularities in the universe, Phys. Rev. Lett. 17 (1966) 444.
[60] S. W. Hawking, The occurrence of singularities in cosmology. III. Causality and
singularities, Proc. Roy. Soc. Lond. A 300 (1967) 187.
[61] R. P. Geroch, Local characterization of singularities in general relativity, J. Math.
Phys. 9 (1968) 450.
[62] R. P. Geroch, What is a singularity in general relativity?, Ann. Phys. (N.Y.) 48
(1968) 526.
[63] S. W. Hawking and R. Penrose, The singularities of gravitational collapse and cos-
mology, Proc. Roy. Soc. Lond. A 314 (1970) 529.
[64] D. Christodoulou and S. Klainerman, The Global Nonlinear Stability of the Minkowski
Space (Princeton University Press, Princeton, 1993).
[65] M. Asorey, A. P. Balachandran, F. Lizzi and G. Marmo, Equations of motion as
constraints: superselection rules, Ward identities, JHEP 03 (2017) 136.
[66] R. Bousso and M. Porrati, Observable supertranslations, arXiv:1706.09280 [hep-th].
[67] G. Esposito, Mathematical structures of space-time, Fortschr. Phys. 40 (1992) 1.
